QUANTUM ERGODIC RESTRICTION THEOREMS, II: MANIFOLDS 
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JOHN A. TOTH AND STEVE ZELDITCH 

Abstract. We prove that if (M,g) is a compact Riemannian manifold with ergodic geo- 
desic flow, and if H C M is a smooth hypersurface satisfying a generic microlocal asymmetry 
condition, then restrictions ipjln of an orthonormal basis {ipj} of A-eigenfunctions of (M, g) 
to H are quantum ergodic on H. The condition on H is satisfied by geodesic circles, closed 
horocycles and generic closed geodesies on a hyperbolic surface. A key step in the proof 
is that matrix elements (Fipj,(pj) of Fourier integral operators F whose canonical relation 
almost nowhere commutes with the geodesic flow must tend to zero. 



CM 

This article is part of a series on what we call the quantum ergodic restriction problem. 
The QER problem is to determine conditions on a hypersurface H so that the restrictions 
{iH^j} to H of an orthonormal basis of eigenf unctions {y?j} of A g , 

on a Riemannian manifold (M, g) with ergodic geodesic flow, are quantum ergodic along H . 
Here, jnf = f\u denotes the restriction operator to H. We say that {^H^Pj} is quantum 
ergodic along H if there exists a measure dfin on T*H and a density one subsequence of 
eigenfunctions so that, for any zeroth-order pseudo-differential operator Opn{a) along H, 



{Op H {a)iH<Pj,7H<Pj)L*(H) -> / adfiH- (0-1) 

Jt*h 



Here, the norm on L 2 (H) is H/H^^) = fjj\f\ 2 dS where dS is the Riemannian surface 
measure. We may pose the same problem for the Neumann data d u ipj\H or the full Cauchy 
data ('jHfj, ^7 Jifdvipj) of tpj along H. In this article we study the QER problem for Dirichlet 
^ ! data for general Riemannian manifolds without boundary and ergodic geodesic flow. Our 
main result (Theorem[T]) gives a geometric condition on H, satisfied for generic H, so that the 
eigenfunctions of the Laplacian of (M , g) have the quantum ergodic property on H . In CTul 
it is shown that the condition is satisfied by geodesic circles, closed horocycles and generic 
closed geodesies on a hyperbolic surface. This result has applications to the equidistribution 
of intersections of nodal lines and geodesies on surfaces [Z4j . In the companion paper [TZ] we 
prove the analogue of Theorem [1] on Euclidean domains with boundary and ergodic billiards 
by a quite different proof. 

In the case of bounded domains M C 1" and for the special hypersurface H = dM, it 
is shown in |HZ] (see also [B]) that a full asymptotic density of Neumann eigenfunctions 
{(fj\dM} are quantum ergodic. It is important to note that these are really QER results for 
Cauchy data along the special boundary hypersurface where half the data happens to vanish 
due to the boundary conditions (ie. d v (fj\gM = 0). In analogy with these earlier results, in 
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[TZ\ ICTZj it is proved that quantum ergodicity of Cauchy data on any interior hypersurface 
is inherited from quantum ergodicity of the eigenfunctions in the ambient space. In fact, 
QUE in the ambient space implies a QUE result on the hypersurface (with respect to a 
certain sub-algebra of pseudo-differential operators). 

This article proves a much subtler QER theorem for the Dirichlet data alone along hy- 
persurfaces H on manifolds without boundary. This is quite a different result from the 
automatic QER property of Cauchy data. In particular, QER of Dirichlet data does not 
automatically follow from quantum ergodicity in the ambient space. There are simple exam- 
ples of H for which the Dirichlet data of ergodic eigenfunctions of (M, g) fail to be ergodic 
on H. For instance, if H is the fixed point set of an isometric involution of (M,g), then 
any odd eigenfunction with respect to the involution will vanish on H. The condition given 
in Theorem [1] is a microlocal asymmetry condition on the 'left' versus 'right' return maps 
for geodesies emanating from H which rules out the existence of such an involution on the 
phase space level. 

To state our results, we introduce some notation. We denote by 

T* H M = {(q,OeT;M, qeH} (0.2) 

the covectors to M with footpoint on H, and by T*H = {(q,rj) G T*H, q G H} the 
cotangent bundle of H. We further denote by tth '■ T^M — > T*H the restriction map, 

=(\th. (0-3) 

It is a linear map whose kernel is the conormal bundle N*H to H, i.e. the annihilator of 
the tangent bundle TH. In the presence of the metric g, we may identify co-vectors in 
T*M with vectors in TM and induce a co- metric g on T*M. The orthogonal decomposition 
T H M = TH © NH induces an orthogonal decomposition T* H M = T*H © N*H, and the 
restriction map (I0.3P is equivalent modulo metric identifications to the tangential orthogonal 
projection (or restriction) 

n H : T* H M T*H. (0.4) 

For any orientable (embedded) hypersurface H C M, there exists two unit normal co- 
vector fields v± to H which span half ray bundles N± = M. + v± C N*H. Infinitesimally, they 
define two 'sides' of H, indeed they are the two components of T^M\T*H. We often use 
Fermi normal coordinates (s, y n ) along H with s G H and with x = exp^ y n v. We let a, r\ n 
denote the dual symplectic coordinates. 

We also denote by S^M, resp. S*H, the unit covectors in T^M, resp. T*H. In general, 
for any subset V C T*M we denote by SV = V fl S*M the subset of unit covectors in V. 
We may restrict (I0.4p to get n H : S* H M — > B*H, with where B*H is the unit coball bundle 
of H. Conversely, if (s, a) G B*H, then there exist two unit covectors £±(s,cr) G S*M such 
that |£±(s, a)\ = 1 and £\t 3 h = In the above orthogonal decomposition, they are given by 

e ± (s,a) = ( T± v /l-|a| 2 z/ + ( S ). (0.5) 

We define the reflection involution through T*H by 

r H :T* H M->T* H M, r H (s, /x £±(s, a)) = (s, /x ^(s, a)), /x G R+. (0.6) 

Its fixed point set is T*H. 

We denote by G l the homogeneous geodesic flow of (M,g), i.e. Hamiltonian flow on 
T*M — generated by We then put exp x ££ = 7r o G t (x, £). We emphasize that both the 
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geodesic flow and exponential map are homogeneous with respect to the natural M + action 
on T*M — 0, i.e. G t (x,r^,) = rG t (x,^),exp x r^ = exp x £ for |£| = 1, unlike the customary 
definitions in geometry. We assume throughout that G l : S*M — > S*M is ergodic (with 
respect to Liouville measure d\ij}). The set S* H M of unit co- vectors to M with footpoints on 
H forms a kind of cross-section to the flow (see JQ) in the sense that almost every trajectory 
of the geodesic flow intersects S* H M transversally. In particular, almost every trajectory 
from S* H M returns to S* H M. 

We define the first return time T(s,£) on S* H M by, 

T( S ,O = inf{t>0:G t ( S ,Oe^M, (s,£) e S* H M)}. (0.7) 

By definition T(s, £) = +oo if the trajectory through (s, £) fails to return to H. The domain 
of T (where it is finite) is denoted by C (12.21) . Inductively, we define the jth return time 
T^(s,£) to S* H M and the jth return map & when the return times are finite (12. 4p . When 
(x, £) G S*M\StfM the same formula defines what we call the first 'impact time' (see (I2.4p ). 
We define the first return map on the same domain by 

$ : S* H M -> S* H M, $(s,0 = G T ^\s,0 (0.8) 

When G l is ergodic, $ is defined almost everywhere and is also ergodic with respect to 
Liouville measure \il % h on S* H M. 

Definition 1. We say that H has a positive measure of microlocal reflection symmetry if 

»l,h e S* H M : r H G TU) ^\s,0 = G TU) ^r H (s,0}) > 0. 

Wo / 

Otherwise we say that H is asymmetric with respect to the geodesic flow. 

The term "microlocal reflection symmetry" is intended to distinguish the symmetry from 
a global one defined by a symmetry map on M. The symmetry condition may be understood 
in terms of left and right return maps. We use this characterization to determine the degree 
of symmetry in the examples in §101 Since S*H disconnects S* H M , we have two lifts £±(s, a) 
of a covector (s, a) G B*H to S* H M , two almost everywhere defined first return maps 

V± : B*H -> B*H, V±(s,a) = rr H $ £ ± (s,o), (0.9) 
and two first return times T±(s, a). We define the jth return maps similarly by 

V±j : B*H ^ B*H, V±j{s,a) = tt h & Z±(s,a), (0.10) 

and the two jth return times by , a) (see (12.51) for the precise definition). Thus, 

r P±,j( s y <J ) is defined by lifting (s,a) — > £±(s,cr) and following the trajectory G t (s,^±(s,a)) 
until it hits S* H M for the jth-time and then projecting back to B*H . When the condition 

r H G TU) ^\s,0 = G TU) ^r H (s,0, M, G TU) ^r H (s,0 G S* H M, (0.11) 
of Definition [1] holds, one has 

P +J (s,<r) = V- )k {s,a) 

for a certain k which might not equal j. Indeed, (10. lip can only hold if G TU) ^r H {s,0 G 
StfM, i.e. T^(x,£) is a return time for r^(x,^). This does not necessarily imply it is the 
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jth return time for rff(x, £). Thus, the return time condition is that the + and — trajectories 
return at the same time and project to the same covector in B*H on a set of positive measure. 

We need some further notation and background considering the 'test operators' used in the 
limit formula ( 10. ip . The result holds for both poly-homogeneous (Kohn-Nirenberg) pseudo- 
differential operators and also for semi-classical pseudo-differential operators on H with 
essentially the same proof. To avoid confusion between pseudodifferential operators on the 
ambient manifold M and those on H, we denote the latter by Op#(a) where a G S^(T*H). 
By Kohn-Nirenberg pseudo-differential operators we mean operators with classical poly- 
homogeneous symbols a(s,a) G C°°(T*H), 



oo 



a_ k (s,a), (a_fc positive homogeneous of order — A;) 



E 

k=0 

as | cr | — > oo on T*H as in [HoI-IVj. By semi-classical pseudo-differential operators we mean 
h- quantizations of semi-classical symbols a G S°'°(T*H x (0, ho] of the form 

oo 

a h (s,a)~Trh k a- k (s,a), (a_ fe G S$(T*H)) 

k=0 

as in \Zw\ \HZ\ ITZ] . We choose to emphasize the polyhomogeneous case because there exists 
a systematic reference [HoI-IV] for the Fourier integral operator theory we require. The 
book-in-progress |GuSt2j now provides a similar systematic presentation of the semi-classical 
Fourier integral operator theory. The rules for composing Lagrangian submanifolds and 
symbols are essentially the same in the poly-homogeneous and semi-classical settings, and so 
it is straightforward to adapt the proof of poly-homogeneous theorem to the semi-classical 
one, and we do so in Appendix §[TTJ A systematic exposition of the passage beween semi- 
classical and polyhomogeneous Fourier integral operators is given in [Y] (see Propositions 
1.1.2-1.1.3 and 2.3.1). 

We further introduce the zeroth order homogeneous function 

II I |2 

7(fi,yn,<r,7/n)= , , = (1 - (r 2 = | cx | 2 + \rj n \ 2 ) (0.12) 

on T^M and also denote by 

7^h = (1-M¥ (0-13) 
its restriction to S* H M = {r = 1}. The functions ( I0.13P are singular along S*H and as in 
[HZJ they arise in the limit measures (we have retained the notation 7 from [HZ] and 
hope that it does not conflict with the notation 7^ for the restriction operator). We also use 
the same notation for a smooth extension of 7 to a collar neighbourhood of T^M in T*M. 
For homogeneous pseudo-differential operators, the QER theorem is as follows: 

Theorem 1. Let (M,g) be a compact manifold with ergodic geodesic flow, and let H C M 
be a hyper surface. Let ^P\ 3 \3 = 1,2,... denote the L 2 -normalized eigenfunctions of A g . If H 
has a zero measure of microlocal symmetry, then there exists a density-one subset S of N 
such that for A > and a(s, a) G S^(T*H) 

lim (Op H (a)'y H (px j ,'y H <px j )L*(H) = w(a), 



QUANTUM ERGODIC RESTRICTION THEOREMS, II: MANIFOLDS WITHOUT BOUNDARY 5 



where 



u{a) = ^ H a Q (s,a)j- B l H (s,*)dsda. 



uj[a) 



Alternatively, one can write u(a) = vol ^, M ^ J s * M a>o(s, nH(Q)dfJ,L,H(Q- Note that ao(s,a) 
is bounded but is not defined for a = 0, hence a (s, 7Tf/(0) is not defined for £ G N*H 
if ao(s,a) is homogeneous of order zero on T*H. The integral can also be simplified to 

Lu(a) = C M ,nJ s * H aodfi L where, C M>n = vol ^ M (/^(l - r 2 )" 1 ! 2 ^- 2 dr j and dfi L is Liouville 
measure on S*H. The analogous result for semi-classical pseudo-differential operators is: 

Theorem 2. Let (M,g) be a compact manifold with ergodic geodesic flow, and let H C M 
be a hyper surf ace. If H has a zero measure of microlocal symmetry, then there exists a 
density-one subset SofN such that for a G S°'°(T*H x [0, ho)), 

lim {Op h ,(a)'YH<Ph j nH<Ph 1 )v t (B) = 

J B ^<s,a)r B l H {s,a)dsda. 

In the special case where a(s, a) = V(s) is a multiplication operator, an application of 
Theorem [1] gives: 

Corollary 1. Under the same hypotheses as in Theorem^ with dS the surface measure on 
H, 

lim. / V ( lH <p Xj ) 2 dS = C' M , n [ V(s)dS, 
hooves J H J H 

where, C' Mn = ^fr^y ■ 

This gives an asymptotic formula for the L 2 -norms of restricted eigenfuntions in the density 
one subsequence, as opposed to the O(Aa) upper bounds in [R f IBGTj . However, it does not 
disqualify existence of a zero density subsequence of eigenfunctions whose L 2 norms blow 
up along H. Thus, it is consistent with the sequence of recent results on restrictions of 
eigenfunctions to hypersurfaces in [BGTl IKTZ[ iRl IT] ITo} [So] . As in the original work of A. 
I. Schnirelman |Sch] . QER is concerned with density one subsequence of eigenfunctions and 
thus may exclude the 'extremal' eigenfunctions with respect to H. 

0.1. Examples. As in Proposition 6 of [TZJ, it is possible to show that a generic hyper- 
surface H has zero measure of microlocal symmetry, hence that the result is non-vacuous. 
But we omit the details and concentrate on interesting examples when (M, g) is a finite area 
hyperbolic surface. In §101 we apply Theorem [1] to prove: 

Corollary 1. Let (M,g) be a finite area hyperbolic surface and let H be a geodesic circle 
or a closed horocycle of radius r < inj(M,g), the injectivity radius. Then a full density 
sequence of eigenfunctions restricts to a quantum ergodic sequence on H . The same is true 
for generic Fuchsian groups and closed geodesies. 

The case of closed horocycles was numerically tested in [HRJ. 
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0.2. Outline of the proof of Theorem [H We denote by U(t) = e' lt ^ the wave group 
of (M,g). As is well-known it is a homogeneous Fourier integral operator whose canonical 
relation is the graph of the homogeneous geodesic flow at time t. We denote by 7^ the 
adjoint of 7^ with respect to the inner product on L 2 (M, dV) where dV is the Riemannian 
volume form. Thus, 



l*Hf ' = f$H, since (j* H f,g)= / fgdS, 

JH 



where as above dS is the surface measure on H induced by the ambient Riemannian metric. 
The fact that 7^ does not preserve smooth functions is due to the fact that WF' M (j H ) = N*H 
(see §5.2l and [HoI-IV] . Ch. 8.2 for the notation). Thus, 7^0p#(a)7# is not a Fourier integral 
operator with a homogeneous canonical relations in the sense of |HoI-IVj because its wave 
front relation contains N*H x Qt*m U Qt*m x N*H (where 0t*m is the zero section of T*M). 
We study matrix elements of the restriction through the identity, 

(Op H {a)(pj\H,<Pj\H)L*(H) = (OpHia^Hfj^Hf^L^H) 

= {1h°Ph{o)1hU (t)ifj, U (t)tpj)v(M) 

= (y(t]a)(Pj,(Pj)iP(M) (0-14) 

= (V T (a)(pj, (pj)v>(M) 

where 

V(t-a) := U(-t)Y H Op H (a) lH U(t), 

V T (a) := ± xiT-H) V(t; a) dt, ( .15) 

VtA°) :=^f* R U(ryV T (a)U(r)dr. 

The double average in r,t is only for convenience (see section I8T2I) . 

A further technical complication is that Vt{o) is a Fourier integral operator with fold 
singularities. It is closely related to the operator W*W where Wf = jHU(t)f (see §0.3p . 
As already observed in |Taj . the canonical relations of these operators are local canonical 
graphs away from fold singularities along directions tangent to H (see below for a more precise 
statement). In the quantum ergodicity problem, it suffices to introduce pseudo-differential 
cutoffs to cut off away from the fold singularity as in |HZt \TZ\ ISoZ] ; we do not need the 
calculus of Fourier integral operators with fold singularities as in |GrS[ IF] . However, the fold 
singularity does induce singularities in the symbols of the main operators. For instance, the 
push forward of the standard measure on S* H M to B*H is 7s! H ds A da f l0~13|) . 

A detailed description of VV(a) is given in the next Proposition |2j There it is proved that, 
after cutting off from the tangential singular set Et C T*M x T*M and the the conormal sets 
N*H x 0t*m, 0t*m x N*H, Vr(a) becomes a Fourier integral operator Vt^o) with canonical 
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relation given by 

WF{V T ^(a)) : = {(x, f , x', f) G T*M x T*M : 3t G (-T, T), 

exp x t£ = e Wx ,te = seH, G'foOkn = £')| T , H , |f | = 

(0.16) 

To define a Fourier integral operator Vt^{o), we need to introduce cutoff operators to 
cutoff away from T*H and from N*H x Q T * M U T * M x iV*#. We let x e Cg°(R), [0, 1] be 
a cutoff supported in (—1 — 5,1 + 5), with = 1 for t G [— 1 + 5, 1 — 5], f x(t)dt = 1. 
For fixed e > 0, we introduce two cutoff pseudo-differential operators (see subsection 15. II for 
more detail). The first, x^ an \ x -, D) = Op(x^ an ^) G Op(S^(T*M)), has homogeneous symbol 
Xe (x, £) supported in an e-aperture conic neighbourhood of T*H C T*M with -^ an ^ = 1 in 
an ^-aperture subcone. The second cutoff operator X ^ l \x,D) = Op(x^) G Op(S^(T*M)) 
has its homogeneous symbol Xe (x,£) supported in an e-conic neighbourhood of N*H with 
yj n ^ = 1 in an | subcone. To simplify notation, define the total cutoff operator 

Xe (x,D) ■.= x { : an \x,D) + x { J l \x,D), (0.17) 

and put 

(^OpHiahn)^ — (I — X±h* H Op H (a) lH (I - Xe ), (0-18) 

and 

{lH°PH{a)lH)<e = X2el* H Op H (ahHXe- (0.19) 
By standard wave front calculus (see subsection 19. ip . it follows that 

1hOph(o) 1h = (l* H Op H (a) lH ))> e + (l* H Op H (a) lH ))< e + K e , (0.20) 
where, (K e <pj,(fj) L 2( M ) = 0{\~°°). We then define 

V t (t; a) := U(-t)(j* H Op H (a)j H )> e U(t), (0-21) 

and 

— 1 f°° 

VtM ■= 7p / X(T~H) V e (t; a) dt. (0.22) 

J — oo 

We can now state the two main steps in the proof of Theorem [TJ Foremost is the variance 
result, 

Proposition 1. For all e > 0, 

= 0. 



The beginning of the proof of Proposition [T] follows the sketch in (10.141) . We then decom- 
pose VT,e{a) into a pseudo-differential and a Fourier integral part according to the dichotomy 
that (x, £, x',£') in (10.161) satisfy either 

(z) G\x,i) = G\x',i'), or 

(0.23) 

(ii) G\x',i') = r H G\x,i), 
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where r# is the reflection map of T*H in ( 10. 6ft . Thus, 

WFty T>e {a)) = A t *mxt*m U T T , (0.24) 

where 

<-*T*M xT*M • = 

(0.25) 

r T = U( S , ?)e T^U| 4 |<T{(G rt (3,0,G'*K( s ,0)}. 

The two 'branches' or components intersect along the singular set 

S T := |J (G* x G*)A T ^ xT ^. (0.26) 

|t|<T 

We further subscript with e to indicate the points IY e outside the support of the tangential 
cutoff (ET2jl . 

Since G t (rn(s, £)) — G t r H G^ t G t {s 1 ^) ) Y T e C is the graph of a symplectic corre- 

spondence. The precise statement is in Proposition [TTJ, where we show that for any e > 0, IY e 
is the union of a finite number Nt c of graphs of partially defined canonical transformations 

7^(x,0 = G^^V H G-*'^(x,0- (0.27) 
which we term if-reflection maps. Here £) is the jth 'impact time', i.e. the time to the 
jth impact with H. We denote its domain (up to time T) by T>j) e (see §2] and Definition 
E3D- By homogeneity of G* : T*M ->■ T*M, for all j G Z, 

*,-(*, = fi(s,j|r); ^0. (0.28) 

The next proposition provides a detailed discussion of W*W as a Fourier integral operator 
with local canonical graph away from its fold set. Furthermore, the principal symbol is 
computed. It therefore seems of interest independently of its applications to QER. For more 
details on its relation to W we refer to §0.31 As A. Greenleaf pointed out to the authors, 
there are related calculations in [GrU[ IF]. 

Proposition 2. FixT.e > and let a e S%(T*H) with a H (s,£) = a{s,£\ H ) e S°{T^M)). 
Then Vt,e{cl) is a Fourier integral operator with local canonical graph, and possesses the 
decomposition 

F Tj£ (a) = P T , e (a) + F T>e (a) + R T , e (a), 

where, (i) Px,e{o) G Op c i(S°(T*M)) is a pseudo-differential operator of order zero with prin- 
cipal symbol 

a T , e (x,0 :=a(P T , e (a))(x,0 = ^(l-Xe)(7"W)(^ ( ^(x,0)x(T-%(a ; ,0) (0.29) 

where, tj(x,£) G C°°(T*M) are the impact times of the geodesic exp x (t£,) with H (see Defi- 
nition \2J$ , and 7 is defined by W.ltyl . 

(ii) FT, e {a) is a Fourier integral operator of order zero with canonical relation Tt^- 

N T>e 

F T Aa) = Y,4%), (0-30) 

3=1 
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where the F^ € (a);j = 1,...,Nt, € are zeroth-order homogeneous Fourier integral operators 
with 

WF'(F^ e (a)) = graph^) n r T , e , 

and symbol 

*(F%)(x,t) = I( 7 -i ai ,)(^^)(x,0)x(T- 1 t i (x,0) \dxd£\*. 
(Hi) Rrp e (a) is a smoothing operator. 

Given Proposition EJ the proof of Proposition CD goes as follows: By f l0.14p . it suffices to 
show that 

limsup— ^— ^2 \( v TA a )Vj,Vj)^(A4) - w((l - xM)\ 2 = i l )i (asT^oo). 

X ~^°° \ ' i:A 3 <A 

By Proposition [2], Vt,Sp) is a sum of a pseudo-differential part Pt,o a Fourier integral 
part Ft, e associated to graphs of H-reflection maps, and a small term Rt,e- By the inequality 
(a± + - • ■ + a n ) 2 < n 2 (a\ + - ■ ■ + a 2 l ) it suffices to estimate the variances of each term separately. 
It is simple to show that the i?y )(E -term is negligible. 

The pseudo-differential term is somewhat (but not entirely) similar to that encountered in 
[HZJ. Following the argument there (and in the standard argument), we use the L 2 ergodic 
theorem to show that 

limsup— ^— ^ \( p T,e{ a )VvVi)LHM) ~ ^{(1 - Xe)a)\ 2 = 0, (0.31) 

and indeed the state a — > u(a) is defined so that the L 2 ergodic theorem applies in this 
way (it is calculated in Proposition [28]). Since Pt,e is pseudo-differential, this is simply the 
standard quantum ergodicity theorem. 
This reduces us to studying the variances 

^TTT \( F TA a )VjiVj)L\M)\ 2 ■ (0.32) 

It is here that we need the condition in Definition [1] and where we encounter the novel aspects 
in the proof. To prove (I0.32p we first use the Schwartz inequality 

T^TTT Yl \( F TA a )fj^fj)L^M)\ 2 < JTTTT ^ (F T ^(a)* Fr^O^j^j) L 2 {M) (0.33) 

to bound the variance sum by a trace. In £J7] we recall (and extend) the local Weyl law for 
homogeneous Fourier integral operators F : C°°(M) — > C°°(M) of |Z] and use it to prove 
that the right side of (10.331) tends to zero under the assumption of Definition [1] (see also [TZ] 
for a similar argument). In the case of local canonical graphs, the local Weyl law states that 

±rr (-^Va 3 -> ~* I a A (F)dfx L , (0.34) 



N(X) 



where is the canonical relation of F, ST F is the set of vectors of norm one, and ST^fl A T * M 
is its intersection with the diagonal of T*M x T*M. Also, cta{F) is the (scalar) symbol in 
this set and dfii is Liouville measure. Thus, if Tp is a local canonical graph, the right 
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side is zero unless the intersection has dimension m = dimM, i.e. the trace sifts out the 
'pseudo- differential part' of F. 

An application of (IQ.34[) to F = F T>e (a)* F Tte (a) gives: 



djii 



Lemma 2. We have, 

N{\) 

x (^M))(l- Xe ) 7 -i a// (^(^)(x,0)^L 
Since A^r,e — O e (T) and |x| < 1, the first term on the right side in Lemma [2] is 

|2 



(0.35) 



O e ^-\\a H \\ 2 c0[S * MH) ). (0.36) 

The fact that the second term on the RHS in Lemma [2] vanishes follows from 

Lemma 3. The hypersurface H C M has zero measure of microfocal reflection symmetry 
if and only if for all (T, e), hl (S{1Zj = lZk}T,e) = for j 7^ k (cf. Definition^). 

Indeed, 

(0.37) 

> — k rH Qti{xit)-tk{x,0 — G t ^ x, ^~ tk( - x '^r H (x,^). 

Hence under the assumption of Theorem [H after taking the T — > 00 limit, the right side 
in Lemma [2] is zero, proving the theorem for cutoff symbols. To complete the proof, we show 
in §9. II that the cutoffs x> e , x>e 011 1*hOph(o)ih can be removed in the limit formula along 
the density one subsequence. 

0.3. Background to Proposition^ The fact that VV i€ (a) is a Fourier integral operator 
with local canonical graph is closely related to the fact (used in |Ta[ IGrSj [So| [0 IBGT} ISoZ] ) 
that the operator 

Wife C(M) -» j H BU(t)f G C(R x H) (0.38) 

is a Fourier integral operator with local canonical graph. Here, B G \&°(M) is a poly- 
homogeneous pseudo-differential operator whose symbol vanishes in a conic neighborhood of 
T*H. Although we do not need such a precise description, W without cutoffs is a Fourier 
integral operator with one-sided folds. It has the canonical relation 

Y w = {(t, r, q, £| H , G% £) : (q, G T* H M : |f | = r} C T*(R x H)\0 x T*M\0 (0.39) 

and in the associated diagram 
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IV C T*(R x H) x T*M 



(0.40) 



T*(R x H) 



T*M } 



the left projection is 2-1 except along the set {(t, t, q, q, £) '■ \C\ — T — \£\h\} (i- e - 
£ G T*H) where it has a fold singularity. 

Our operator Vr^i. ) is closely related to W*W: to be precise, it is W*xtOph{(i)W where 
Xt is the time cutoff. To prove Theorem [H we only need to compute symbols in the local 
canonical graph part, but we need to understand the singularity of the symbol along T*H. 
To our knowledge, the symbols of W and W*W on the canonical graph part have not been 
calculated before, and we go through the calculation in §3]- SB 

The composition with Op#(a) causes a minor complication since a(q, a) is not necessarily 
a poly-homogeneous symbol on T*(R x H) because it is independent of the r variable dual 
to t. This bad behavior of a is another way to view the role of N*H x 0t*m U 0t*m x N*H 
in the wave front set of 7#Opij(a)7#. 

0.4. Comparison to boundary case. We now compare the methods and the results of this 
article to those in [HZUTZj . In particular, we explain how the difficulties caused by tangential 
directions Qt (or more precisely, Ey) relate to those when H = dM in the boundary case. 

The main difference is that the wave group U(t) is a global Fourier integral on M with 
dM = 0, but is not one if dM ^ 0. When dM = 0, there are no boundary conditions on U(t) 
on the hypersurface H, indeed U (t) is independent of H . In the boundary case, the boundary 
conditions on U (t) cause the Fourier integral structure of U(t) to break down microlocally 
near tangent directions to dM. Moreover, the geodesic flow G* is also independent of H and 
we do not have the problems of reflections off corners of dM in its definition. 

In |HZ] . the breakdown of U(t) in tangential directions to dM was handled by making a 
reduction to the boundary. Thus, we used the symmetries of matrix elements (10.11) when 
H = dM which came from a certain boundary integral operator F(X). Conjugation with 
F(X) was an endomorphism, not an automorphism, of the pseudo-differential operators on H 
and that gave rise to additional singularities caused by the factor 7 = y/l — \r]\ 2 in |HZ] . We 
do not make a reduction to H in this article and only use the symmetry given by conjugation 
by U(t). In a sense, we go in the opposite direction of 'extending from H to the interior' 
rather than reducing to H. In revenge, we have to deal with this symmetry on matrix 
elements of Fourier integral operators. But we avoid the singularities caused by the 7 factor. 

On the other hand, the symbols of Pr,e and Fx, e do become singular along directions of 
geodesies which touch H tangentially, and we have to cut away from these directions. More 
precisely, there is a failure of transversal composition at these points, so that Pt,<e and Fx, e 
fail to be Fourier integral operators at such points. In that sense, the problem caused by 
is somewhat similar to the boundary case, but as mentioned above it is not quite as serious 
since U(t) is a global Fourier integral operator and only causes mild singularities such as 
folds and self-intersections in the canonical relations and corresponding singularities in the 
symbols. 
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In the case of Euclidean domains Q C IR n with boundary studied in [TZ], we made a 
reduction from an interior hypersurface H to dM. In part we could then reduce the quantum 
ergodicity problem to [HZJ. However, the reduction left a Fourier integral term which was 
handled by a method related to that of this article. The almost nowhere commuting condition 
for QER was that the sets where /3 m /3f/ = had measure zero, and where was a certain 
transmission map. We tie this together with the condition of the present article. 

In the boundary case, we also have two lifts £±(y, rj) of covectors to H. In addition, unlike 
the boundary-less case, there are two transfer maps cr±(y,rj) to the boundary and a billiard 
map (3 : B*dVL — >■ B*dVt of the boundary. The transmission map is defined by 0h = . 

The micro local asymmetry condition of |TZj stated that /3"V_C7+ = a_a^ 1 f3 k has measure 
zero or equivalently 

-lorn, _— lofe„. 

cr_ p <7_ = cr_j_ p CT-|_. 

But aZ l f3 m cr_ is the — side first return map, while a + 1 (3 k a + is the + side first return map, 
hence the condition of [TZ] is equivalent to saying that the ±-sided return maps do not agree 
on a set of positive measure. 

0.5. Further results. As mentioned above, the authors together with H. Christianson have 
proved in |CTZj that quantum ergodicity in the ambient manifold always implies QER of 
the Cauchy data on any hypersurface. Moreover, QUE (unique quantum ergodicity) in the 
ambient manifold implies a kind of QUER property for H. Namely, there is a subalgebra 
of pseudo-differential operators on H for which the QER property holds without needing to 
extract subsequences. However, the symbols of the operators are all multiplied by 7 in the 
restriction operation and therefore vanish to first order along T*H. 

A further direction is to find a spectral condition on H which implies QER rather than 
the dynamical condition in Definition HJ Suppose that if is a separating hypersurface and 
that M\H = M + U M_ where M± are the disjoint components. Then one may consider the 
Dirichlet problem for A in M±. In the case where H is the fixed point set of an isometry, 
the Dirichlet spectra of M± has a large overlap with the global spectrum of A on M. It 
is plausible that in place of Definition [1] one can prove QER under the assumption that 
the Dirichlet spectra of M± are disjoint from the spectrum of M. Indeed, in this case the 
Dirichlet-to- Neumann operators M±{ A) for M± are well-defined at eigenvalue parameters for 
A. When A/±(A) is a semi-classical Fourier integral operator (see |HZ[ ITZj ). it is plausible 
that the QER of the Cauchy data implies QER of both the Dirichlet and Neumann data 
separately. The authors plan to investigate this on a later occasion. 

0.6. Organization. The first two sections §TJand §2] consist of preliminary material on the 
symplectic geometry of S* H M as a cross section to the geodesic flow and on the fold singularity 
of the projection S* H M — > B*H. This fold singularity causes the tangential singularities in 
the canonical relation of Vt,e- This material is often suppressed for the sake of brevity, but 
as a result we could not find any reference for the details we need. Section §3] is needed to 
compute the symbol of W, e in 53 The calculation is important both to obtain the correct 
limit meaure in (10. ip and also because it shows that the symbol lies outside of L 2 . This 
complicates the use of the mean ergodic theorem. With these preliminaries in hand, the 
proof of Theorem [1] proper begins in §0 In §Qj] we adapt the proof to semi-classical pseudo- 
differential operators. In §[SJ we provide a study of examples to confirm that the condition 
in Definition [1] is effective in concrete examples. 
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0.7. Acknowledgements and remarks on the exposition. Since the original posting of 
this article, S. Dyatlov and M. Zworski |DZ] have proved a more general version of the results 
of this paper, where A is generalized to a semi-classical Schrodinger operator. We thank them 
in addition for questions and comments helping us to improve the presentation. In particular, 
we clarified Definition [1] and added detail on the cutoffs away from N* H xOt* m^Ot* m x N* H , 
and simplified the last section. We also thank A. Greenleaf and C. Sogge for comments on 
the exposition. 

I. Geometry of hypersurfaces 

This section provides background on the symplectic and Riemannian submanifold geom- 
etry in the analysis of the canonical relation of the restriction map jh and the subsequent 
compositions defining V e (t;a) and VT,e(a). 

Let H C M be a hypersurface in a Riemannian manifold (M,g). We consider two hyper- 
surfaces of T*M, the set T^M of covectors with footpoint on H and the unit cotangent bundle 
S*M of g. We often use metric Fermi normal coordinates along H, i.e. we exponentiate the 
normal bundle to H . We denote by s the coordinates along H and y n the normal coordinate, 
so that y n = is a local defining function for H. We also let a, £ n be the dual symplectic 
Darboux coordinates. Thus the canonical symplectic form is (jOt*m — ds A da + dy n A d^ n . 

Let ii : T*M — > M be the natural projection. We identity n*y n = y n as functions on 
T*M. Then / = y n = is the defining function of T^M. The hypersurface S*M is defined 
by g = |£| = 1, the metric norm function. It is clear that df, dg are linearly independent, so 
that TftM, S*M are a pair of transversal hypersurfaces in T*M. 

In general, let F, G C T*M be two transversally intersecting hypersuraces, and let /, resp. 
g, denote defining function of F, resp. G, so that / = on F, g = on G and df, dg are 
linearly independent. Then their intersection J = F R G is a submanifold of codimension 
two. The intersection fails to be symplectic along the set A = {x G J : {/, g}(x) = 0}. In 
certain circumstances, the Hamiltonian flow lines of / intersect J in two points which are 
different on J\K. This is the so-called glancing set or points of bicharacteristic tangency. 
The map taking one intersection point to the other defines an involution of bp : J — > J 
with fixed point set K. When A is a hypersurface in J and bp is smooth, the eigenvectors 
of eigenvalue —1 of Dtp : T^J — > T^J define a line bundle over A known as the reflection 
bundle of bp. We refer to |Hol-lV] Section 21.4 and [Me] . 

1.1. Restrictions and folds. We are interested in the case, F = T^M, G = S*M, J = 
S* H M, A = S*H. The Hamilton vector field of y n equals and its orbits are vertical 
curves of the form (s, 0, er, £ n o + t); they define the characteristic foliation of T^M. The 
hypersurface S*M is defined by g = |£| = 1, the metric norm function, and its characteristic 
foliation is given by orbits of the homogeneous geodesic flow G % . Evidently, 

K, m = = V>>"(-''K ; = £n onS* H M, 

so {x n , \£\ g } = defines S*H. Equivalently, we have 

Lemma 4. S* H is the set of points of S* H M where S* H M fails to be transverse to G l , i.e. 
•where the Hamilton vector field H g of g = |£| is tangent to S^M . 
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Indeed, this happens when H g (f) = df(H g ) = 0. One may also see it in Riemannian 
terms as follows: the generator H g is the horizontal lift rj h of rj to (q, rf) with respect to 
the Riemannian connection on S*M, where we freely identify covectors and vectors by the 
metric. Lack of transversality occurs when rj h is tangent to T^ qtrj ^{S* H M). The latter is the 
kernel of dy n . But dy n (r] h ) = dy n {rf) = if and only if r] G TH. We also note that for any 
hypersurface H, dy n ,d£, n ,d\£,\ g are linearly independent. 

Two closely related restriction maps will be important. The first is the linear restriction 
map n H : T* H M -»■ T*H defined in fJl}. If we orthogonally decompose T* H M = T*H®N*H, 
then 7T# is the orthogonal projection with respect to this decomposition. It is a fiber bundle 
with fiber N*H. On the other hand, we consider the restriction map on S* H M — > B*H. For 
s G H, the orthogonal projection map 7# : S*M — > B*H is the standard projection of a 
sphere to a ball, which has a fold singularity along the 'equator'. 

This fold singularity will play a role in all the canonical relations to follow, so we pause 
to recall the definitions (see |) lol-l V Vol. Ill): If / : Y — > X is a smooth map then it 
has a Hessian map Hf : ker /'(?/) — > coker /'(?/). / is said to have a fold at y G Y if 
dimker f'(y) = dim coker f'(y) = 1 and Hf(y Q ) ^ 0. In this case, there is a neighborhood 
of yo and an involution i : Y — > Y in a neighborhood of yo which is not the identity such 
that / o i = f. It is called the involution defined by the fold, and its fixed point set is the 
hypersurface F where /' is not bijective. The involution defines a line bundle in TF, known 
as the reflection bundle, of eigenvectors of eigenvalue —1. They are transversal to the fixed 
point hypersurface. If i is defined by a folding map / then the reflection bundle is ker/'. 

In our setting, the full restriction map 7^ : S* H M — » B*H is a folding map with fixed 
point set S*H and involution given by the reflection map r# (10. 6p . When H is orientable, 
S*H divides S* H M into two connected components, and the involution onlx S* H M is given 
by r(t,x, £) = (i, rn{x, £)). Indeed, as observed above, this is true for each x G H, and 
D^h is the identity in the directions tangent to H. The reflection bundle at (s, a) G S^if is 
spanned by the Hamilton vector field H Vn = That is, the reflection bundle is the family 
of reflection bundles for the folding maps S*M — > B*H as s G H varies. 

We also need the following variant. 

Lemma 5. The maps G : R x S* H M -)■ S**M defined by G : ->■ G*(a;,£) ; resp. 

G : K x T* H M - -»- T*M - de/ined &y -»■ <?*(>,£), ore /oWinp maps tflitfe folds 

along R x S 1 *^, resp. R x T*F. 



Proof. In both cases, the spaces are of equal dimension, so the maps are local diffeomorphisms 
whenever the derivatives are injective. By LemmaH DG(§- t - H g ) = on T (W) (R x S* H M) 
if (x, ^) G S*H, and these are the only vectors in its kernel. Indeed, suppose X G T X ^S* H M. 
We note that DG( t ,x,o~§i = Hgi^ix, £)) and DG t , x ^X (as t varies) is a Jacobi field along the 
geodesic J x ,t(t) = irG t (x,^). Since G l is a diffeomorphism, the only possible elements of the 
kernel have the form + X. If if 9 + D x ^G t X = 0, then X = — H g , i.e. it is the tangential 
Jacobi field 7. But by Lemma U this implies (x,£) G S* H and X G T(S*H). 

Since G* is homogeneous on T*M = the same statements are true on R x T^M. 

□ 
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2. S* H M AS A CROSS SECTION TO THE GEODESIC FLOW 

As above, let H C M be a smooth hypersurface. The purpose of this section is to explain 
the sense in which S* H M is a cross- section to the geodesic flow 67* : S*M — > S*M and to 
discuss the associated return times and return maps. 

By a cross-section, we mean a hypersurface of S*M so that almost every orbit intersects it 
transversally. As discussed in the previous section, geodesies which intersect H tangentially 
in the base also intersect S*H tangentially in S* H M. But S* H M behaves sufficiently well as a 
cross section so that, in the ergodic case, almost all orbits hit S* H M and the first return map 
is almost everywhere defined and ergodic. The first return map is similar to the billiard map 
on the inward pointing unit covectors at the boundary of a domain, except that we consider 
covectors pointing on both sides. 

The return and impact times to H were defined in (10.71) in the introduction. Somewhat 
more precisely, we define for any (x, £) G T*M — 0, the forward first impact time 

( inf{t > : G T* H M}, 

T(x,0={ (2.1) 
I +oo, if no such t exists. 

We note that T is lower semi-continuous. If (x,£) G T^M, then T(x,£) is the first return 
time of the orbit G t (x,£) to T^M. It may be zero if H contains geodesic arcs. If (x,£) G 
T*M\TtfM then T(x, £) is the first impact time (or hitting time) of its orbit on H. In terms 
of the notation in (10~28lL T(x,f) = ti(x,£). 

Since G T ^ x '^(x, £) G T^M, the further impact times tj(x, £) in (10.281) are the higher return 
times of G T ^ x '^\x,^). So it suffices to find the domains on which the first impact time and 
the return times on S* H M are well-defined and smooth. We note that T(x, £) is homogeneous 
of degree zero in £, so suffices to consider its restriction to S*M. 

We introduce the sets 

U = {(x,£)eS*M:T(x,£)<oo}, 

(2.2) 

C = {(8,Z)eS* H M:T(8,Z)<oo}. 

We refer to the first set as the 'hitting set', i.e. the initial directions of geodesies which 
intersect H at some time, and the second as the 'return set', i.e. the directions along H of 
geodesies which return to H. We note that H = Im G is the image of the map G (14.21) . and 
the natural domain of T(x,£). 

On these sets we define the first impact, resp. first return maps 

Qr.n^SlM, $ I (x,Z) = G T ^(x,0, 

We use the same notation for both maps because they differ only in their domains. The 
return map was defined in (j0.8p . The impact map defines a kind of fibration 

S* H M. 

Below we use it to describe the geodesic flow as the suspension of $ with height function T. 



(2.3) 
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2.1. Higher return times and impact times. Once £) G T^M, the further intersec- 
tions of its trajectory with T^M come from applying the return maps. To obtain invariant 
sets up to a fixed number of iterates we put 

C M = f| r fc £ = G : (4) G G £, . . . ,$ M ( S ,() e £}■ (2.4) 

0<fc<M 

Then the higher return times T^(x, £) are defined by 

Ti +1 (x,Z) = T(&(x,0), (x^)ejr j , (2.5) 
and finite on C M for j < M. We also put 

H M = G ft : G (2.6) 

and define the jth impact map by 

: Hi -> S* H M, $,(x,0 = Q = &- X *i{x,S\ 

and the jth impact time tj(x,£) by 

ti(x, = T(x, + J] r($ fe $ 7 (x, 0); *i = r. 
fe=i 

In a similar way, we define 

£m = {(s,v) e : £±M e (2.7) 

The corresponding ± return times T± and return maps T-^j in ( lO.lOp are well-defined on 
this set for j < M. 

Although we will not need it, it is useful to think of the invariant sets 

£oo = f| ®- k C, ftoo = {(x, G S*M : G £oo}. 

The geodesic flow on S*M then becomes the suspension flow over $ with height function 
T, i.e. up to a set of measure zero, 

S*M = {((s,£),t) G Coo x R : < t < T{s,£)}/{(s,£,T(s,£)) = ($(s,0,0)}, 

and the under this identification, when T^(s,£) < t' + 1 < T ( - n+1 \s,^), 

G*{8,t,ir) = {&{8,Z),lf + t-TV>{8,t)). 

In practice we only use a finite number of iterations of $. But this identification arises 
naturally in parameterizing the canonical relation of V^ e (a). 

To illustrate these notions, consider the case where H is a distance circle S r in a hyperbolic 
surface Xr, or more precisely a distance circle in the hyperbolic disc projected to Xr. Since 
the geodesic flow is ergodic, and the circle is a separating curve, the complement of H must 
have measure zero in S*M. If the radius is suffciently large so that the circle surrounds a 
fundamental domain, then every geodesic must intersect the circle and H = S*M (since every 
geodesic must pass through the fundamental domain). If the radius is small enough, then 
there may exist closed geodesies of Xp which do not pass through the circle and H 7^ S*M. 
As another example, let if be a closed geodesic 7 of Xr. Again, \H\ — since otherwise 
there would exist a G'-invariant set of non-trivial Liouville measure. However, H 7^ since 
there exist geodesies which are forward asymptotic to 7 as t — > 00 (i.e. they spiral in towards 
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7 as t — > oo) but never cross 7. Such geodesies belong to the one-parameter family with the 
same forward boundary point as 7 on the ideal boundary of the hyperbolic disc. We note 
that 7 itself belongs to this one-parameter family, so the set % is not closed. 

2.2. $ : S* H M — > SffM as a symplectic map. Let a = ^-dx denote the canonical one-form 
of T*M, and let da = ut*m be the canonical symplectic form on T*M. 

We note that ut*m restricts to S*M as a form with a one-dimensional kernel, spanned by 
the Hamilton vector field H g of the metric norm function. Since S* H M is transverse to H g 
except on S*H , ujt*m\s* M is symplectic away from S*H. Indeed, in Fermi coordinates it 
is the form ^(ds A da), the symplectic form of the ball bundle B*H, pulled back to S^M 
under the tangential projection 7^ : S^M — > B*H. 

We further note that a restricts to the one form an '■= crds on T^M, since dy n = on 
T(T^M). As discussed in |FG] . $ is symplectic with respect to ds A da and moreover 

<&*OtH — OiH = dT, 

on S* H M , where as above T is the return time function (the 'Poincare-Cartan identity, see 
(2.8) of [FG] ). 

The symplectic volume density |7^c?s A da\ is, strictly speaking, not a volume form since 
it vanishes on S*H, but we use it as an invariant volume density. It may also be defined as 
follows: 

Definition: We define the Liouville volume measure dfiL,H on S* H M by dfiL,H = ^H g d\ih-, i-e. 
by inserting the Hamilton vector field generating G l into d^xi- 

In terms of local Fermi symplectic coordinates, dfiL,H = llnds A da\. 
Lemma 6. On H, dfx L = dT A {^danT' 1 - 

Proof. We recall that d\i L = a A (da) n ' 1 on S*M. We claim that a = dT + ^}a H on 
H. Indeed, since G l : T*M - ->• T*M - is homogeneous, (G*)*a = a. Also, for the 
G t -translated hitting time (G l )*dT = dT and so, it follows that (^(dT + ^cfc^) = (dT + 
^*jdan)- Therefore it suffices to show that a = dT + at points of S* H M where $7 = id 

and a = r\ n dy n + ads = r] n dy n + an- But dT = r\ n dy n on S* H M. Indeed, a(H g ) = 1, since at 
(x,£) G S*M, H g is the horizontal lift of £ to and so a(H g ) = £{tt*H 9 ) = \£\ 2 g = 1. On 

the other hand, dT(H g )(s,C,) = 1 for all (s,£) G S* H M by definition. Moreover, both dT and 
r] n dy n annihilate T(T*H) and so, 

r)ndy n \s* H M = dT\ s * H M- 
It follows that dfi L = {dT + A (^cfc^)"- 1 = dT A ($}rf« H )" _1 - 

□ 

2.3. Singularities of return times. We now define smooth local branches of the return 
time functions. Let / = y n : M — > 1R be a local defining function for H in U, so that 
H n C/ = {/ = 0} and df(x) ^ 0, x G H. Then d/ : TM ->■ R is a local defining function of 
Tif. We consider the maps 

(i) F:lx S*M -> R, F(M,£) = /(G*(s,0) = /(exp,tO, 

(2.8) 

(zi) F ± : M x B*H -^R, F ± ( y t,s,a) = F(t,£±(s,a)). 
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F extends by homogeneity to T^M. Here, as always, we define exp q tr] = irG t (q,ri) with G t 
the homogeneous geodesic flow. The graph of the impact times tj(x,£) (see (10.271) ) is given 
by 

Ti = {(t,s,0 6lx T* H M : F(M,0 = 0}, 
and those of the ± return time functions (see (IQ.lOp ) are given by 

T± ■= {(t,s,cr) GRx B*H : F(t, £±(s, a)) = 0}. 

Consider the diagram 

T/Clx T* H M 

7T(t, x, = t S \ p(t, = ^(x, (2.9) 

R T* H M. 
The set of impact times of (x, £) is thus given by 

Tcp-^x, : {(*, G"'(x, 0) e 7} ->• * g R. 

We are interested in the extent to which p : 7} —> T*M is an (infinite sheeted) covering map. 

Lemma 7. is a regular value of F , so 7/ always a submanifold of R x T^M. Let 
£(F) = {(t,x,0 G R x T^M : d t F{t,x,() = d t f(exp x t£) = 0} T/ien S(F) C R x T*#. TTte 
image of S(F) under p(t,x,£) = G t (x,^) is Q (11). 

Proof. Since (IF = dtFdt + df o DG l , since df ^ (by definition of a defining function) and 
.DG* 0, it follows that cZF 7^ and is a regular value. 

The fact that S(F) C R x T*if follows from Lemma HJ Indeed, £(F) is defined by 
df(G t (x,C))H g = and that implies (x,£) G T*#. 

□ 

2.4. Cutoffs and domains. We often fix T > 0, and then the image of G in Lemma [5] 
restricted in time to [0, T] is the closed set 

U T = {(x, G S*M : T(x, < T}. (2.10) 

We also put C T = {(s, £) G S^M : T(s, £) < T}. The set {T = 00} is in general neither 
open nor closed; of course it is the countable intersection f]^ =1 {T > n} of open sets. Given 
T > we define 

H T M = {(*,£) G H T : G T ^)(x,0 G $ M G T ^)(x,0 G £}. (2.11) 

We will need to cut off tangential directions to H. We put 

(S* H M)< e = G : |(;r.r/)| < e,V V G 5;//} 

(^M)> £ = {(x,0 G S^M : l<ar,»7>| > e,Vtj G 
i.e. the covectors which make an angle < e, resp. > e with H. We homogenize by defining 

(T£M)< e = {(x,0 eT* H M:^e (^M)<J, 



(T£M)> e = {(x,0 G TftM : 4r G (S^M)> £ }. 



(2.12) 



QUANTUM ERGODIC RESTRICTION THEOREMS, II: MANIFOLDS WITHOUT BOUNDARY 19 

We then define Qr, e to be the flowout of the tube (T#M) e , i.e. 

$T,e = |J G\T* H M) t . (2.13) 

\t\<T 

We also denote the complement of a set E by E c . By Lemma [7| and an application of the 
implicit function theorem, we have 

Corollary 8. For any T,e > 0, T(x,£) is a smooth function on the open set Ht H {Gt,e) c - 

We also need to define the domains T>j) e C T*M of the j-th impact times tj(x,£) : 
Definition: We define 

T% = {(x,0 e Ujn(g T , t y,G T ^\x,0 e £\{S*T H )< e , &GP( x >e\x, e £\(S*T H )< £ } 

As above, V$ is a conic open subset of T*M with tj E C°°(vfy. 

2.5. Ergodicity of the return map. As mentioned in subsection 12. 2\ $ is a d^i,H and 
| cfeiicx | -measure preserving transformation on C^. 

Lemma 9. For any T, the image G ((— T, T) x (T^M\T*H) is an open homogeneous set 
in T*M. If G* is ergodic, then 

limsup|(S*M\(G((-T,T) x {S* H M\S*H) | = 0. 

Proof. G is an open map on the given domain since DG is everyhwere non-singular. The 
complement of the image is obviously decreasing. If its volume were bounded below by some 
6 > 0, the complement of the image G(lx (S^M\S*H)) would be a closed invariant set of 
positive measure for G f , contradicting its ergodicity. 

□ 

Since hh{.S* h M\C 00 ) = we also regard it as a measure preserving transformation on 
S* H M. We add the obvious comment that in the ergodic case, almost all geodesies hit H. 
Since G* is the suspension of we have 

Lemma 10. The return map $ : S* H M — > S* H M is ergodic on S* H M with respect to dfiL,H 
if and only if G l is ergodic on S*M with respect to d[i^. 

Proof. We have just seen that d[i^^n is an invariant measure for <3>. If there exists an invariant 
set A C S* H M with < hl^h{.A) < 1, then its flowout, {J s£R G s A, is an invariant set for G t 
and by Lemma [6] it satisfies < Hl{A) < 1. This contradicts ergodicity of G*. The converse 
is similar. 

□ 

We also need an e- refinement of Lemma [9j 

Lemma 11. For any T,e, G ((— T, T) x [T^M\(TjjM)< e )) is an open homogeneous set in 
T*M. If G l is ergodic then, 

lim sup | (S'*M\(G ((-T,T) x (S* H M\{S*H)< € ) \ = o(l) as e ->■ 0; 

T->oo 

Similarly, 

limsup \{S*M\ (G(-T,T) x (S* H M) \g T>e \ = o(l) as e ->■ 0. 

T-¥oo 
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Proof. In each case the image in question is the image of an open set, hence open. For the 
volume estimates, we note that as in Lemma HI by yUL-ergodicity of G l : S*M — > S*M, the 
union |J Te>0 G((— T, T) x (S* H M / S* H)< e ) of the image has full measure, hence the measure 
of the complement is zero. A similar argument applies to the second set in Lemma [TTJ 

□ 

3. Compositions of canonical relations 

In order to study the Fourier integral properties of V e (t; a) and Vr,e{o)-, we need to under- 
stand the compositions of the canonical relations underlying various operators. In essence 
we prove here that the canonical relation r^^TV (cf. (10.39P ) is a local canonical graphs, 
determine the graph and relate it to the first return times and maps. We choose to work 
with operator kernels on M x M rather than with W itself. 

We refine to 

= U ^ X G *) A (^M)< e x(T^M)< £ , (3.1) 
\t\<T 

and put 

r T , e = r T \s T , e . (3.2) 

In this section we prove that (10.241) . cutoff away from the singular set, is a good canonical 
relation: 

Proposition 12. For any e > 0, At*mxt*m U C T*M x T*M is smoothly immersed 
homogeneous canonical relation. 

The self-intersection locus is described in Lemma [TBI In the next section §Hwe show that 
it is a local canonical graph and determine the branches. 

We recall that a canonical relation is a Lagrangian submanifold with respect to the dif- 
ference symplectic form itIujt*m — ^2 u t*m where ut*m is the canonical symplectic form and 
TT k : T*M x T*M -)> T*M; k = 1,2 are the projecttions onto the two component T*M. 
We prove the Proposition as a series of Lemmas. The final Lemma [16] is more precise and 
describes the singularities at e = 0. 

3.1. The canonical relation C#. We define 

' C H = {(s,Z,s,£ f ) e T* H M x T* H M : s e H, £\ TH = ?\ TH }, 

< C H = {(s,Z,s,?)eT* H MxT* H M:seH,Z\ TH = e\ TH , |£| = |£U (3-3) 

k SC H = {(s,C,s,C) e T* H M x T* H M : s e H, £\th = C'\th, \C\ = W\ = 1} 

As above, SF denotes the unit vectors in any set F. Thus, Ch = 'NL+SCh- As will be seen 
below, Ch is the canonical relation of 'y H OpH{a)'jH, and Ch arises in the canonical relation 
ofVV )£ (a). 

We recall that the fiber product of two fiber bundles 7r : X — > Z and p : Y — > Z is 
the submanifold X x z Y C X x Y equal to ({(x,y) : ir(x) = p(y)}- We apply the same 
terminology with X = Y = S H M, Z = B*H and 7T, p — ^h, but as just observed, the 
restriction map is not a fiber bundle projection but a folding map. 
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Lemma 13. We have: 

• Ch — T H M Xt*hT h M is the fiber square ofT H M with respect to the restriction map 
'jn '■ T H M — y T*H. It is an embedded Lagrangian submanifold ofT*M x T*M. 

• C H := RSC H ~ T* H M 

><s*h TjjM is an immersed homogeneous isotropic subman- 
ifold of dimension 2n — 1 with transveral crossings on the self-intersection locus 
^+As*hxs*h = ^T'HxT'H- Also, C H H (T* H X T* H) = A T * HnT * H . 

• SCh — S* H M x s *h S* H M is the 'fiber square' of S* H M with respect to the (folding) 
restriction map ■jh '■ S* H M — y S*H . It is an immersed isotropic submanifold of 
dimension 2n — 2 with transveral crossings on the self-intersection locus As*hxs*h ■ 

Proof. The defining equations of Ch C T h M x T h M are given by equating the map (v, w) — > 
v\th — w\th G T*H to zero. This map is a submersion. Suppressing the s G H variable, 
it is just the map (a, y n , a', y' n ) — > a — a' with a, a' G E n_1 , y n G R. Thus, the zero set is a 
regular level set, hence an embedded submanifold of codimension n = dimM. 

We observe that SCh is the union SCh = gr(Id) U gr(r^) of the identity and reflection 
maps. The graphs intersect transversally along the diagonal As*hxs*h C S*H x S*H, 
since the tangent space to the identity graph is the diagonal and the tangent space to 
the reflection map is the 'anti-diagonal' (v, —v) G T(S*H x S*H). That is, the equation 
TTffCC C) := 1h(C)~ 7ff(C0 = in S* H MxS* H M defines a submanifold of codimension n—1 on 
the dense open set where D^h, D^^h spans TB*H. Suppressing the variable along H, the 
singularities at each x G H are those of the map n : 5 n_1 x S 71 ^ 1 — >■ R n_1 , 7r(cr, y n \ er', y' n ) = 
a - a', where (a,y n ) G R"" 1 x R, \a\ 2 + y 2 n = 1. Thus, y n = ±y/l - \a\ 2 and 7r _1 (0) = 
{a, y n , a, y n )} U {(a, y n , a, -y n )}. Here, we fix s G H and identify T* S M ~ R n , T* S H ~ R"" 1 . 

Since R+S'Cjy is the homogenization, we only need to homogenize the results for SCh- 
In more detail, we again fix x and consider the map 7r(r, s, y n , s', y' n ) = r(s — s') from R + x 
S 11 ^ 1 x S^ 1 — y R n_1 . The zero set is again defined by s = s'. The radial tangent direction is 
in the kernel of Dn along 7r _1 (0). Finally, we note that if (x, G Ch H (T*# x T*#), 

then £ = f. 

□ 

3.2. The canonical relation T* o Ch ° T. It is well known (see [HoI-IV] . vol. IV) that 
U(t) G H(RxMxM,r), with T = {(t,a,x,^G\x,0) :<t+\£\ = 0}. As in [DG], the half 
density symbol of U(t,x,y) is the canonical volume half density (Ju(t,x,y) — \dt <E> dx A <i£|2 
on r. 
Here, 

r*oC^or = {(t,-\?\,t,\z\,G'(s,?),G t (s,z)) 

(3.4) 

G T*R x T*R x T*M x T*M, , £| TH = f | TH }. 

Lemma 14. T7ie (set-theoretic) composition T* o C# o T is transversal, and T* o C# ° T C 
T*R x T*M x T*M zs the Lagrangian submanifold parametrized by the embedding 

it*c h t : R x R x T* H M T*(R x R x M x M), 

ir*c H r(t,t, s,Z,?) = (t,-\at, \^G t '(s,0,G t (s,e)), C\th = 
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Proof. This follows from the following observation: if x '■ T*M — — )■ T*M — is a homoge- 
neous canonical transformation and T x C T*M x T*M is its graph, and if A C T*MxT*M is 
any homogeneous Lagrangian submanifold with no elements of the form (0, A2), the T x o A is 
a transversal composition with composed relation {(x(Ai), A 2 ) : (Ai, A 2 ) G A}. The condition 
that Ai 7^ is so that x(^i) is well-defined. 

We recall that transversality refers to the intersection 

T x x A n T*M x A T * MxT * M x T*M. 

Now, the tangent space at any intersection point to T*M x At*mxt*m x T*M contains 
all vectors of the form (v, 0,0,0) and (0,0,0,?/) with u,?/ G T(T*M). Hence to prove 
transversality it suffices to fill in the middle two components. The diagaonal TAt*mxt*m 
contributes all tangent vectors of the form (w, to). On the other hand, the middle components 
of T x x A have the form (w, SXi) where w G T(T*M) is arbitrary. The sum of such vectors 
with the diagonal contains all vectors of the form (w + v , 5X + v') and therefore clearly spans 
the middle T(T*M x T*M). 

We apply this observation in two steps. First, we compose 

C H o T = {(s, G\s, £), t, -|e|) : (s, f) G T^M, C|th = C'Ith} C T*M x T*M x T*R\0. 

By the first part of Lemma [T3J Cu is a Lagrangian submanifold, so the argument about 
graphs applies to show that this composition is transversal (including the innocuous T*IR 
factor.) We then apply the same argument to the left composition with T. It is straightfor- 
ward to determine the composite as stated above. 

□ 

3.3. The pullback T H := A* T* o C H ° V. We now consider the pullback of T* o Cu T 
under the time diagonal embedding A t (t,x,y) = (t,t,x,y) :KxMx¥4lxtxMxM. 
We define 

(G* x G*)(C7 H ) = {(G t (s,0,G t (s,e)) : G C^}, (3.5) 

and 

:= {t, 1^1 - If I, (G*( S ,0,G*( S ,O) e T*R x (G" x G*)(C7 H ))}. (3.6) 
Lemma 15. The map A t is transversal to (T* o Ch T), hence 

A* t (roc H or) = r H 

is a smoothly embedded canonical relation, under the Lagrange embedding 
l Th : R x T* H M ->■ T*(M x M x M), 

= (*, lei - iri,G>,fl.G*(s,0). ^ = ^1™. 

Proof. The explicit formula for the composition is simple to verify. We recall that a map 
/ : X — >■ y is said to be transversal to W C T*Y if c//*r] ^ for any G VK. By (see [GuStj . 
Proposition 4.1), if / : X — > Y is smooth and A C T*V is Lagrangian, and if / : X — > Y 
and 7r| a : A — > Y are transverse then /*A C T*X is Lagrangian. It is clear from the explicit 
formula for the pullback that transversality holds. 

Since G t x G" is a homogeneous diffeomorphism, G t x G 1 (Ch) is a smooth embedded 
manifold, and the map L t ,c H ■ T* H M x T * H T* H M -)-G'x G'(C H ) C T*M x T*M is a smooth 
embedding. 
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□ 

3.4. The pushforward 7r t *AJT* o C H ° T. We now consider the map 7r t : R x M x M — > 
M x M and push forward the canonical relation A£ T* o Ch ° T. We recall that Vt,e{o) is 
cutoff in time (by xt) to \t\ < T and thus ( I0.24p . 

Ar*rMUr T = \J\ t]<T {{G\s, i),G\s,i')) = G C*, l£l = 

(3-7) 

= U|t|<T( ( ^' x g 1 )c h . 
is the proper pushforward 

r T = 7ii*A*r* o^or, ^ : [-t, t]xMxm^mxm. (3.8) 

Of course, the sharp cutoff to [— T, T] puts a boundary in IV, but it causes no problems 
since all of our operators are smooth in a neighborhood of the boundary and since we use 
the smooth cutoff x(|0 i n the definition of Vt- 

We recall that the pushforward of A C T*X under a map / : X — > Y is defined by 
/*A = {(y,T]) '■ 3x, y = f(x), (x,f*rj) G A)}. As discussed in ( |GuStj . Proposition 4. 2, page 
149), if / : X — > Y is a smooth map of constant rank and H*(X) is the bundle of horizontal 
covectors, and if A fl H*(X) is transversal then /*(A) is a Lagrangian submanifold. Here, 
H*(X) = f*T*Y is the set of covectors which annihilate the tangent space to the fibers. 

In our setting, n^T*(M x M) is the co-horizontal space H* C T*(R x M x M) which 
is co-normal to the fibers of irt, i.e. its elements have the form (t,0,x,^,y,r]). Let r : 
T*R x T*M x T*M -»■ R be the projection onto the second component of T*R = {(t,r)}. 
Thus, 

r H n h*(m x m) = A*r* oC H ornF(MxM) = {ze A|r* o c H r : r(^) = o}, (3.9) 

and the pushforward relation is Note that |J , t , <T G t (T*M) projects (for small t) to M to the 
ball of radius t around x. 

By Lemma [131 (13.71) is the flow-out of an immersed Lagrangian submanifold with transver- 
sal crossings on ~R + As*hxs*h- Equivalently, the pushforward relation is parameterized by the 
Lagrange mapping 

i : R x C H -> T*M x T*M : (t, s, £, £') \-> (G*(s, £), G*(s, O)- ( 3 - 10 ) 

The following Lemma is the final step in the proof of Proposition [121 an d indeed is more 
precise than necessary for the proof. 

Lemma 16. We have, 

• dr 7^ on 113. 9\) except on the set of points o/R x A s * HxS *h- Consequently, A3.9\) is 
a smooth manifold except at these points and the pushforward 

7r t *A* (r* o C H o r\T*R x R + (A s . HxS . H )) 

is an (immersed) Lagrangian submanifold. 

• L \M.x(d H \mA * H s * ) ^ s a Lagrange immersion, with self-intersections corresponding to 
'return times'. 
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Proof. As noted above, if T H = A* T*oCh°^ intersects Or x T*M x T*M transversally, then 
ir t *A*r*oCH°r is Lagrangian. Since H*(MxM) is of co-dimension one, A* T*oCh°^ fails to 
be transverse at an intersection point only if its tangent space is contained in T(H*(MxM)). 
Thus, it fails to be transverse only at points where dr = r — 0. Since r(t, s, £, £') = |£| — = 
a/ct 2 + r] 2 — \/ a 2 + (r]' n ) 2 , we see that r = if and only if r\ n = ±r)' n and dr = on this set if 
and only if r\ n — rj' n — 0. This proves that the intersection (I3.9P is transversal except on the 
set Or x At*hxt*h and that it fails to be transversal there. Consequently, the pushforward 
is a smoothly immersed Lagrangian submanifold away from this singular set. 

We now consider i and first restrict it to R X (Ch\A t * HxT * h ) since Cjj does not have a 
well-defined tangent plane on the critical locus. The map i is then an immersion as long as 
(G* x G^iCu) is transverse to the orbits of G* x G*. As noted in §1.14 S*H is the set of 
points of S* H M where the Hamilton vector field H g of g = |£| is tangent to S* H M. Hence, 
l \rx(c h \ra * H s* H ) * s a Lagrange immersion. It follows that 7it*AJT* oCh oT is an immersed 
canonical relation away from the set R + (Jit^T^* x G^S*!! x S*H). 

We next consider self-intersection set of this immersion. The fiber of i over a point in the 
image, 

^(xo^Mo) = e R x C H : (G -t (s,£),G~*(s,£')) = (x ,^,y ,Vo)}, (3.11) 

corresponds to simultaneous hitting times of (xo>£o) an d (Vo,Vo) on T^M. Thus, the self- 
intersection locus of r Te consists of the image of pairs (t, s, £, £'), (f, s', rj, r/') such that 

G\s,0 = G t \s',r ] ), G\s,0 = G t '(s',r ] ') <=► G t ~ t '(s, £), G t ~ t '(s, £') e T^-M. 

If £ = £' then (s, 77) = (V, 77') and the self-intersection points correspond to the return times 
and positions of (s, £) to T^M . If £' = r#£, then the self-intersection points correspond to 
the times where the left and right times are the same. Away from T*H x T*H the set of 
return times is discrete. 

This concludes the proof of the Lemma and hence of Proposition [T2J 

□ 

4. Return times and reflection maps TZj 

In Proposition [121 IY, 6 is shown to be a canonical relation. In this section, we study the 
diagram 

T T C T*M x T*M 



*V \P (4-1) 

T*M T*M. 

Our aim is to show that the map /wr -1 defines a finitely multi- valued symplectic correpon- 
dence. Underlying the projections is the map 

G:Mx T* H M — >■ T*M — 0, G(t, s, «£) = G'(s, £), (4.2) 

which was introduced in Lemma [51 We often restrict G to [— T, T] x T^M and then denote 
it by Gt- In Lemma we determined the singular set of G. 

We note that DG-j^ = H g and that D s ^G l = DG t \T^ 1 M- Hence DG is injective (and 
surjective) as long as H g is linearly independent from DG*\t* m- As discussed in Hl.l\ H g = 
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DG l X with X e T(T H M) if and only if X e T(T*H). We now restrict the time domain to 
(— T, T) (it is immaterial whether we use the closed or open interval). 

4.1. Definition of the maps IZj. We now define the correspondences (I0.27j) and the as- 
sociated return times. We consider the subset 'Kt*\[-T,T\ AjT* o Ch o T of TT t * AjT* o Ch ° T 
where we restrict the time interval to [— T, T\. We define f ?e to consist of IY e together with 
a subset of the diagonal At*mxt*m- 

Proposition 17. The canonical relation Tjn t is the disjoint union of 

• The diagonal graph over the image (S*M\ (G(—T,T) x (S H M)) \Gt^; 

• tY i(E C T*M x I'M. which is a finite union of (transver sally intersecting) canonical 
graphs, 

N T , e 
3=1 

• The graph {(x,£,;lZj(x,£,))} intersects the graph {(x,£,;lZk(x,£,))} when ( 10 . 3 7|) holds. 

Proof. We consider the projections 7r,p in the diagram (14. ip restricted to ti u A*T o Ch ° T, 
and use the description of the latter in (13. 7p . We thus define 

The compositions not, pot are just the map G studied in Lemma [5) As shown there, each of 
these maps has a bijective differential on R x (T H \T* H) . Since the flowout of R As*hxs*h 
is removed from IY, £ , and since Ch D T*if x T*if = At*hxT*h, there are no (t, s, £, £') with 
£ or £' in T*if in the part of the domain of i parameterizing IY,e- 

The new aspect is that we are considering tc, p directly as maps on ir u A*Y* o Cjj ° T, which 
is an immersed rather than embedded relation. 

On [— T, T] x (S H M)> e , G is a proper submersion and hence a finite covering map. The 
domains {T^t\}j=i defined in Definition 12.41 are fundamental domains for G, and we have 



V 



(i) 



U 



(4.3) 



W„ = U^s^ {T<f-»{x,Q),T<fl{x,t)) x {(*,£)} 

Thus, V%1 C [-T, T] x (S* H M) > e are disjoint open subsets whose union is [— T, T] x {S H M)> e , 

such that G is a diffeomorphism of to its image. The closures of the T>^\ intersect at 
the points where (I0.37P holds by the calculation in Lemma [TBI 

We now consider the smooth components of Txe- in the parametrizing map (13.101) . we 
have removed the separating hypersurface R x At*mxt*m from the parameter space. Hence 
it has two connected components, one is which is R x A?* mxt* m an d the other of which is 
R times the graph of r# : T H M — > T H M. Under i these two components map to disjoint 
canonical relations in T*M x T*M. The first is of course At*mxt*m, and the second is 
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rV j£ . We define IZj to be the partial symplectic map defined on Vf, e by p o ir 1 . Thus, IZj 

is well-defined and smooth T>^\. For (x,£) G Py| the jth if-reflection map 7£j is given by 
(10271) . 

By definition of the Nt >€ smooth functions tj : "D^e ~^ (~~T,T),j = 1, Nt, £ , we have 

N T , e 

r ^=U U (x,t\&™r B G-*'*>(x,t)). (4.4) 

□ 

5. Analysis of V e (t;a) 

So far, we have studied the symplectic geometric aspects of the compositions underlying 
V e (t;a) and V^ei )- 111 §1-11 and §U we studied the composition of canonical relations 
underlying the composition of operators in V e (t; a) and Vt,e{o)- The compositions studied in 
the previous section [3] imply that these operators are Fourier integral operators. The purpose 
of this section (and the next) is to calculate the principal symbol of V e (t; a) (and of VV iC (a)). 
The results are again valid for any Riemannian manifold and hypesurface; we again do not 
assume ergodicity of G l in these sections. 

Our analysis begins with the operator JhOph(cl)jh and its cutoff ^J^Opff (a)7#) e away 
from the singular sets. It then proceeds to conjugation by U(t) and integration in t. We 
could equally well have begun with the analysis of W fl0.38j) and then W*W, which would 
be closer to the analysis in [SoZj . 

As recalled in CL2| the principal symbol of a Fourier integral distribution 

I(x,y) = [ e i ^ x ' y '^a{x,y,e)de 



with non-degenerate homogeneous phase function if and amplitude a G S^(M x M x Mr), 
is the transport to the Lagrangian A v = ^(C^) of the square root of the density 

\d\\ 

C *'- \D(X,(p' g )/D(x,y,8)\ 

on C,p, where A = (Ai, A n ) are local coordinates on the critical manifold C v = {(x, y, 6); deip(x 
0}. 

5.1. Pseudo-differential cutoffs. As mentioned in the introduction, we wish to cutoff 
operators away from S T and N*H — Ox Ot*m U Ot*m x N h — 0. As above, let x = (s, x n ) 
be Fermi normal coordinates along H, i.e. let x = exp^^ x n u s where s !->■ g#(s) G H 
denotes a local parametrization of H. Then H = {x n = 0}. Let £ = (a, £ n ) G T*M 
denote the corresponding symplectically dual fibre coordinates. Here, we describe these 
pseudodifferential cutoffs (introduced in fjO.1T)) in more detail in terms of Fermi coordinates. 

Let ip £ G Cq°(IR), ip e = 1 on [— e/2, e/2] and ?/> e = on (— oo, — e] U [e, oo). In Fermi normal 
coordinates, we may take the cutoff y^ n) G C°°(T*M) (see also (i)-(iii) in the Introduction) 
to be 



\a\ 2 + \r)n> ' 
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which is equal to one in a conic neighbourhood of T*H = {y n = i] n = 0}. We further 
introduce a homogeneous cutoff Xe n) G C°°{T*M) given by 

Yi n) (s, Vn, V, T] n ) = ( JJ ) • A(Vn) (5.2) 

\ | CT | ~r | Tj n I J 

which equals one on a conic neighborhood of N*H = {y n = o = 0}. More precisely, we 
multiply (15. ip and ( 15. 2 p by a bump function t/>(£) which vanishes identitically near the zero 
section. 

As in (I0.17P we introduce the combined smooth homogeneous cutoff 

Xe := xi ton) + xi n) (5.3) 
and denote the corresponding pseudo-differential operator by Xe( x ,D) or by Op(xe)- 

5.2. Op^(a)7n(l — Xe)- In Fermi coordinates, 

0^(a) 7H (s;x n , S , ) = ^ / e t{s ~ s '' °>- ix ^a(s, a)(l - X e(s', x n , a', £ n )) d£ n da. (5.4) 



The phase ip(s, x n , s', £„, a) = (s — s',a) — x n £„ is linear and non-degenerate, the number 
of phase variables is N = d and n = 2d — 1 , where d = dimM, so y — | = |. Then 
C v = {(s, x n , s', a, £ n ) : s = s', x n = 0, } and l v (s, 0, s, a, f n ) -> (s, cr, s, a, 0, f n ). 

The complication arises that elements of the form (s,£,s, 0) arise when £ G iV*.£f in 
the canonical relation of 7# and similarly (s,0,s, £) arises in that of 7^. Hence they are 
not homogeneous canonical relations in the sense of [HoI-IVj, i.e. conic canonical relations 
C C (T*X\0) x (T*Y\0). We introduced the cutoff (l~Xe) in (E3D so that no such elements 
occur in the support of the cutoff and then 

7tf(l-X e )eI*(M xif,A H ), 

where Ah = {(s, £, s, a) G T^-M x T*H : £|r_ff = cr}- Its adjoint (1 — Xe)l*H then lies in 
l\{H x M, A* H ), where = {(s,a,s,0 G T*Zf x T^M : £\ TH = a}. 

5.3. {j* H OpH{o)^H)>e- The composition •y H OpH(a)jH also fails to be a Fourier integral oper- 
ator with homogeneous canonical relation for the same reason. We recall that ( |HoI-I V] The- 
orem 8.2.14) that the general composition of wave front sets has the form: Let A : C^°(Y) — > 
V'(X), B : C^(Z) ->&(Y). Then if W F^(A)nW F^(B) = 0, then AoB : C^{Z) -> V(X) 
and 

WF\A oB)c WF'(A) o WF'(B) U {WF' X {A) <g> T . Z ) U (0 T * X x ^(B)). 

Thus, 

WF\ lH Op H {a)iH) c {(g,e,g,e / ):ek = e , k),(g,O ) (g,e , )er^M-0} 

U{(g, u, q, 0) : (g, v) G iV*# - 0} U {(g, 0, q, u) : 1/ G iV*# - 0}.. 

With the cutoff (J — x§ ) on the left and (1 — Xe) on the right of 7#Op#(a)7#, the last two 
sets are erased. Observing that (1 — X-)0- — Xt) — I — Xe> we have proved 
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Lemma 18. If a G S° d {T*H), then {l* H Op H {a)^ H ) e e I*{MxM,C H )- In the Fermi normal 
coordinates the symbol is given by 

^(r H Op H (ahH)>A S ^^n,Vn) = i 1 ~ Xe)a(s, £ \ TH ) |Q| 5 , 

where fl = \ds A da A dr) n A drf n \. 

Proof. In Lemma [T3| we showed that C# is an embedded Lagrangian submanifold of T*M x 
T*M. The proof shows that the composition of o Ah is transversal. Since the order 
of 7^ equals that of 7^ and the orders add under transversal composition, the order of 
{lH^PH{ a )lH)>t is §■ Hence, for any homogeneous pseudo-differential operator Oph(cl) on 
H, 

{ lH Op{a) lH )>e e iHM x M, C H ). (5.5) 

Next we compute its principal symbol. By Lemma [TBI Ch is the fiber product T H M x T * H 
T H M, hence it carries a canonical half-density (associated to the fiber map). As discussed in 
[GuStj (p. 350), on any fiber product Ax B C, half-densities on A, C together with a negative 
density on B induce a half density on the fiber product. In our setting, the canonical half- 
density on T H M is given by the square root of the quotient J* A/ = ds A da A drj n of the 
symplectic volume density on T*M by the differential of the defining function y n of T H M. 
We also have a canonical density \ds A da\ on T*H, which induces a canonical — 1-density. 
The induced half-density on Ch is then \ds A da A dr\ n A dr]' n \^ . 

We compute the principal symbol and order using the special oscillatory integral formula, 

7^0p(a)7 // (s,£ n ;s / ,<) = C n 5 {x n ) j e i{s ~ s '^- ix '^a(s,a)d^ n da 

(5.6) 

= C' n / RnxMxR e^ s -'^+^-<^a( S ,a)^n^<- 

If we compose on left and right by (1 — Xe) and (1 — %i) respectively then we further obtain 
factor of (1 — Xe( s ? x n, c, £n)) under the integral. The phase is <p(s, x n , s', x' n , £ n , £' n , a) = 
(s — s', a) + x n ^ n — x' n ^' n with phase variables (£ n , £' n , a), and 

= {(s, x n , s , x n , c, £ n , £ n ) . s = s , x n = 0, x n = 0}. 

Also, 

V ( S , 0, s, 0, a, e„, O = {s, a, s, a, 0, £ n , 0, G T*M x T*M. 

Thus, (s, cr, £ n ,£^) define coordinates on C^. 

As discussed in CL2l the delta-function on C v is given by 

_ |rfs A da A d£ n A <i£^| 

(7, X n , X^, £ n , £(J I 

Since 

the lemma follows. 

□ 

We further recall from the introduction the operator ( , y H OpH(a>) lH)>e in (10.181) . We have: 
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Corollary 19. With the same notation and assumptions as above, 

{l* H Op H {a) lH )>t G iHM x M,C H ), 

and its symbol is given by 

o- ir op H ( a y/)>e(s,a,r] n ,r]' n ) = (1 - % e )a(s, ^\th)\^\K 
where Q = \ds A da A dr\ n A drf n \. 

Remark: In the case of semi-classical pseudo-differential operators on H in |HZ] . we could 
use a cutoff on B* H away from its boundary S*H. No such cutoff exists for homoge- 
neous pseudo-differential operators on H. The closest analogue is to introduce the cutoff on 
1hOph{o)1h- 

5.4. U (ti)* (■y^OpH(ci)'-yH)>eU (t 2 ) . The next step is to right and left compose with the wave 
group. The canonical relation was determined in Lemma [HJ We now work out the symbol. 

Lemma 20. If a e S^(T*H), then 

U(-ti)(^* H Op(a) lH )> e U(t 2 ) G J°(R xMxRxM,r*oCflO T). 

Under the embedding ly*c h t ( of Lemma [X^i, the principal symbol pulls back to the homo- 
geneous function on R x M x T H M given by 

(1 - Xe)dH(s,^)\dt A dti A 0|2, 

where \dt /\dt\ AO|2 is the canonical volume half-density on PoC/foT (defined in the proof). 

Proof. It is well known (see [HoI-IVj . vol. IV) that U{t) G J _ *(R x M x M, T), with 
T = {(t, t, x, £, £)) : t+ |£| = 0}. As in |DGj . the half density symbol of U (t, x, y) is the 
canonical volume half density au(t, x ,y) — \dt^)dxAd^\2 on T. By Proposition IT4"1 the composi- 
tion is PoC^oT is transversal for any hypersurface H, hence ^(— £i)(7#Op#(a)7#)> e [/(t 2 ) 
is a Fourier integral operator with the stated canonical relation. Under transversal compo- 
sition the orders add, and the stated order follows from Lemma [TBI together with the fact 
that U(t) G^iflxAfx M,T). 

To prove the formula for the symbol, we observe that V* o Ch o T is parameterized by 

H (*,*', s, a, Vn , rf n ) = (t,\^\,t', ^(5,0,^(5,0) :seH,S,?eT x M, C\th = C'\th}, 

where £ = (a, r] n ),!;' = (a,r]' n )) are dual Fermi coordinates in the orthogonal decomposition 
of T H M = T*H © N*H . The natural volume half density on parameter domain of V o Ch ° T 
is \dti A dt 2 A ds A da A df] n A df]' n \2 where ds A da is the symplectic volume form on T*H, 
where (r] n , 7]' n ) are the normal components of (£, £') and where dn n is the Riemannian density 
on N*H. The stated symbol then follows by transversal composition from the symbols of 
U(t) and of 7#Op#(a)7# determined in Lemma \\M . □ 
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5.5. V e (t; a). The purpose of this section is to prove 
Lemma 21. If a e S%{T*H), then 

V e (f,a) = U(-t)( lH Op(a) lH )> t U(t) e x M x M,r H ). 

Under the embedding ly h ( of Lemma [73]) . £/ie principal symbol pulls back to the homoge- 
neous function on M x T^-M gwen fry 

where \dt A fl|a zs £/je canonical volume half- density on Th (defined in the proof). 

Proof. The new step beyond Lemma [20] is to pull back the canonical relation and symbol 
under the time-diagonal embedding A t (t, x, y) = (t, t, x, y) of M x M x M — > M x M x M x M. 
In §3.21 and Lemma 13^1 together with §3.3l and Lemma [T5l we showed that the compositions 
are transversal. Hence, for any hypersurface H, V e (t; a) is a Fourier integral operator with 
the stated canonical relation. 

As mentioned above, orders add under transversal composition. Before pulling back under 
the diagonal relation the composition has order by Lemma [201 Setting t = t' is composition 
with the pullback A^, which has order 1 |DG] . Hence the order is now ~. 

To compute the symbol, we use that the pullback of Th under A t may be parameterized 

by 

l Vh : (t, s, a,r} n , 7]' n ) G RxT* HxT H MxT H M — >■ (t, \(a, r] n )\ — \(a, rj' n )\, G~ t (s, a, r] n ), G~ t (s,a,rj' n 
in the notation of Lemma EHl We need to verify that 

A*\dti A dt 2 Ads Ada A dn n A drf n \% = \dt A ds A da A di] n A drf n \%. (5.7) 
We use the pullback diagram 

PoCfroT <- F ^ A*T* oC H oT 

T*(RxRxMxM) <- JV*(graph(A t )) 

Here, F is the fiber product, A^*(graph(A t )) is the co-normal bundle to the graph, and 
a : F — > A*T* oCh°T is the map to the composition (see |DG]IGuSt] . Since the composition 
is transversal, Da is an isomorphism (loc. cit.). The graph of A t is the set {(t, t, x, y, t, x, y)} 
and its conormal bundle is 

A/"*(graph(Ai)) = {(£, n,t, r 2 , x, £, y, V, t, -(n + r 2 ), x, y, -rj)}. 

The canonical half-density on this graph is \dt A dri A dr 2 A where f2 = \dx A <i£ A 
dy Adn\ is the canonical volume density on T*M x T*M. The half density produced by the 
pullback diagram takes the product of the half densities \dti A dt 2 A ds A da A dr\ n A di]' n \2 
and \dt 2 A dr x A dr 2 A Oj 2 on the two factors Th and A^*(graph(Ai)) and divides by the 
canonical half density \dt x A dr x A dt 2 A dr 2 A Q\ * on T*R x T*R x T*M x T*M. The factors 
of \dt\ A dri A dt 2 A dr 2 A cancel in the quotient half-density, leaving the one stated in 
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Finally, the presence of the factor of (1 — Xe(z,Q)a>H(s,£) follows immediately from the 
representation (15.61) . 

□ 

6. Analysis of F T)6 (a) 

The purpose of this section is to prove Proposition |2j To define Vt,e{o) we need to integrate 
in t, i.e. pushforward from R x M x M — > M x M. It is in this step that the composition 
becomes non-transversal due to the tangential geodesies and requires a cutoff. We begin 
by defining it more precisely. Then we decompose Vx,e{a) into its branches and define the 
principal symbol on each branch. In other words, we compute the symbol of W*W or more 
precisely of W*xtOph(o)W away from the fold singularity. 

Lemma 22. For all T, t > 0, we have that V T ,e{a) 6 I°(M x M; f r>£ ). 

Proof. This follows from Lemma [16j 

We denote by ^ : 1 x M x M - > M x M the natural projection TT t (t,x,y) = (x,y) and 
define 

ir T *K(t, x, y) = / x(T~ 1 t)K(t,x,y)dt. 
Jr 

Then, 

VtM = ^T* o U(-t) o ( lH Op H (a) lH )> € o U(t), (6.1) 
or equivalently, the Schwartz kernel of VT,e{ a ) is 

V Tie (a)(x,y) = ±J^ T J H J H UUt,x,s) 

(6-2) 

■Op H (a)(s, s') ■ U e (t, s', y)x{T~H) da{s)da{s')dt 1 

where, U e (t) := (1 — Xt)U(t). Integration in t pushes forward the canonical relation Aj!T* o 
Ch ° r to the canonical relation T^e studied in §3.41 and in Lemma [161 

WF'(V T>e (a)) = {(x,Z,x',0 : (t, 0, x, £, x', O G WF'(V t (t,a))}. 

Thus Vt,e{o) is a Fourier integral operator as long as the composition is transversal. With 
the cutoff in place, transversal composition was proved in Lemma [03 

We compute the order by the argument of [DGj . We note that tit*^1 m &ps half densities 
on KxMxMxM to half densities on M x M and its Schwartz kernel is then a half 
density on (R x R x M x M) x (M x M) which coincides with the Schwartz kernel of the 
identity operator under an interchange of order of the variables. Hence, ttt*^1 G /°((R x 
R x M x M) x (M x M),T) where T is the identity graph. As a result, applying it to 
U(— s)( r y} I OpH(o,)'y H )> e U{t) preserves the order. But as noted above, the latter operator has 
order zero. 

□ 

6.1. Symbol of Vr )£ (a). We now calculate the symbol of Vr )£ (a). The symbol is a section of 
the bundle of half-densities (tensor Maslov factors) on the canonical relation 7i"t*A*r* oC#or. 
We parametrize the canonical relation by (13.101) and view the symbol as a half-density on the 
parameter space R x Ch- The symbol of A*T* oCjj °r is a half-density (tensor Maslov factor) 
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on the parameter space R x Ch (see Lemma I2"TT) . To calculate it, we use the pushforward 
diagram, 

A*r* oC H oY <- F ->■ 7r t *A*r* oC H oY 

4 4 

T*(Rx M x M) «- 7V*(graph(7r t )). 
Here, graph(7r t ) = {(x, y; t, x, y)} and 

7V*(graph(vr t )) = {(x,£,y,r};t,0,x,-£,y,-ri)}, 

which is naturally parameterized by (t,x,£,y,Tj) 6 R x T*(M x M). 

We note that R x C H is the set {r = 0} fll x C H where r = = | (cr, 77^) | — | (cr, 77^) | . 

We claim that 

Lemma 23. 



/ q-2 j " 2" 

717 J oft A c?s A da A oft/ n A d^' [2 = I— -dt A ds A da A dr} n \^, (6.3) 

Proof. Away from the tangential directions, the pushforward is a transversal composition, 
and we only calculate the half-density symbol on that set. The map from half-densities on 
the fiber product to half-densities on the composition is then a canonical isomorphism. 

On the fiber product, we have the half-density given by tensoring \dtAds Ada Adr] n Adr]' n \2 
with the canonical half density \dt\ <S> fl|a where Q is the symplectic volume density on 
T*MxT*M. When we divide by the canonical half-density IdtiAdnAtt^ onT*(RxMxM) 
we obtain 

\dt A ds A da A dr\ n A dr]' n \2 
I dri 1 2 

dT\ T=0 = d(\(a,T] n ) \ - \(&,Vn)\)\vn=±v'n 



i(a 2 + virHda* + drf n ) - (a 2 + KfY^da 2 + d^f) 



\rin=±V'r l 



= Vn(o- 2 + rg) Hdr] n T d(ri' n ))\ Vn=±v , n 
Then the quotient density is 



/—z -dt Ads Ada A dri n A dn' J a 2 + r\i 

V° 2 + Vn T~2 JTTV2 = -dt Ads Ada A d Vn . (6.4) 

dVn ~ d{Vn) Vn 

The presence of the ± is due to the fact that the canonical relation underlying W, e (a) has 
both a diagonal and a reflection branch. Moreover, it is immersed rather than embedded, so 
the symbol is a collection of half-densities (tensor Maslov factors) on the union of canonical 
graphs. 

□ 



To complete the calculation, we have 
^emma 24. \dt 

natural projection 



Lemma 24. \dt A ds A da A drjJi = I , Vn I 2 |7r*^ T * M | 2 , where ir : V H ->■ T*M is the 
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Proof. In terms of the parametrizing coordinates (t,s,o~,r] n ,r]' n ), the map tt is given by 
ir(t, s, a, T) n , r)' n ) = G t (s, a, rj n ). Hence 



dtAdsAdaAdvn 1 M \dt^ \ ' ' » n / ' ds^ da^ dn 

vn n ( 9 a a a \ 

1 LT * M y dy n ' ds 3 ' dcj ' 9^ J 

_ Vn 



\/°~ 2 +vl 



since ^.G t (s,a,r] n ) = H g = —jM=JL + • • • is the Hamilton vector field of g 2 = i]l + i.9') 2 



a a a p;„„n,, „ T „ 
symplectic linear and that s,y n ,cr,r) n are symplectic coordinates. 



where •■■ represent vector fields in the span of jr- , jf- , jf- . Finally, we use that dG is 

CfS j 0O j CfTJfj 



□ 

Corollary 25. 



TTtJdtAdsAdaAdrjnAdr}'^ = I ^ + 1 * 1 ^ |-* |7r*£W|^ = | X — + ^ | |vr*fi T , M | 

(6.5) 

6.2. The P^.e + Fr,t decomposition. We first define the pseudo-differential part Pt^{o) 
of Vr, £ (a). As discussed in Lemma W7\ R x A T * HxT * H is a separating hypersurface in the 
parameter space R x Cjj Hence R x C#\R x Aj<*hxt*h has two connected components, 
R x Aj^mxt^m an d R x graph(r# : T^M — > T^M), which map respectively to A T * MxT * M , 
and the second is IY )£ . 

To separate these pieces of the canonical relation in the support of the cutoff, we introduce 
a finite conic open cover {Uj} of T*M with sufficiently small sets Uj so that the image under 
l of R x graph(r# : T^M — > T^M) does not intersect \JjUj x Uj. This is possible since 
d(^,rnO > e in the support of the cutoff. We then define: 

Definition: P T ,e{a) ■= Y,j=i Tpi/jV^a)^, and F^(a) = V T ^(a) - P T ,e{a)- 

Since WF'(P T;e (a)) C A T * MxT * M , P T)e (a) is a pseudo-differential operator. We make a 
further decomposition of Ft )£ below. 

6.3. Principal symbol of Pt € - The following is a key calculation in the proof of Theorem 

m 

Lemma 26. Let tj(x,£);j G Z denote the impact times of the geodesic with the 

hypersurface H in Lemma\Vl\ Then the principal symbol ax,e of Pt i€ {< 1 ) is given by 

«T,e(x,0 = ^E iez ((i-x e )7-V)(^/(x,0)-x(^)- 
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Proof. By Lemma [22], P^.e is a pseudodifferential operator. To compute its symbol, we use 
that the formula (16.21) is equivalent to, 

N T ,e 

3=1 

By Lemma |2T| ipjj.V e (t; a)ipu. is a Fourier integral operator, and the symbol of Pt <6 is obtained 
from that of V e (t; a) by multiplying by cr^. = ipjjj {jt^ an< ^ pushing forward under n T *. 

The pushforward symbol at (x, £,£,£) G At* mxt* m is obtained by summing contributions 
from each point of the 'fiber' 

r^ x ,^x,0 = {(M,f,0 G [— T, T] x C H : G\s^') = (6.6) 

The fiber thus consists of the impact times tj(x,£) and impact points. By Lemma |2~T} and 
taking into account the normalizing factor ~ in VV, e (o)) at each point we get the scalar 

l{{l- Xe )a H ){G t ^\x^)x{T-H j {x^)) 
times the target half-density (and Maslov factor) calculated in (16. 4p and Corollary d2S$, 



i _ i \l° 2 + vl 



Vn 

times the symplectic volume half density. Here, the minus sign is due to the fact that r] n = rj n 
in this diagonal component. 

□ 



Remark: We note that T^M embeds as the subset {(s, £, £) G Ch}- Hence the diag- 
onal branch of T T may be parametrized by j : R x S* H M — > S*M x S*M, j(t,s,£) = 
(G*(s, £), G*(s, £)). This is similar to the description of G l as the suspension of $ with 
height function T, except that it does not identify (s,£,T(s,£)) ~ ($(s, £), 0). In terms of 
this parametrization, 

a T As,^t) = j,E 3 -ez((l -Xeh-'aHX&M)) ■ x C^l^ ), 

where we implicitly use the identification G t '(s,^,t) = ($ n (s, £), t'+t-T^ n \s, £)) ;T^(s,^) < 
t + f < T(" +1 )(s,0- 



6.4. Symbol of F T>e (a): Proof of (ii). By Lemmas EH and |22l T T , e = [jjli graph(^) is a 
union of canonical graphs. By definition of e they are disjoint. Let Uj xVj C T*Mx T*M, j = 
1, ...,Nx 7 e be conic open sets which separate the setsgraph(7£j). Add the conic open sets 
Uj x Uj]j = 1, Nt,e containing the diagonal components of IY,e and let Uq x Vo denote an 
additional open set so that 

N T)C 

|J (Uj x Vj) U (Uj x Uj) U (U x V ) = T*M x T*M. (6.7) 

3=1 
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Let ipuj G Op(S°(T*M)) and ijj v . G Op(S°(T*M)); j = l,...,N T , e with the property that 
ipUj xtpVjiipUj xipUjj = 1) together with ipu Xi[)v ] form a pseudo-differential partition 

of unity subordinate to the cover (16.7j) . 



Definition: We put 



F^l(a)=^ v .F Tje (a)^ 



J u 3 

Ftp I (a) is a smoothing operator, and (iii) holds. 

Since the canonical relation of each term F^\ (a) is the graph of a canonical transformation, 
it carries a canonical graph 1/2-density \dx A d^] 1 / 2 pulled back from the projection to the 
domain of IZj. Hence, we can identify the symbol of F^l(a) with a scalar function on T*M. 

The symbol of Vr i£ (o) is the pushforward under n u of the symbol of V(t; a)x(^). Hence, 
the calculation of this symbol is analogous to that of the pseudo-differential part, except 
that now it is only the elements of {(s, r, £ n ; s, a, ££J} with £ n = —£' n which contribute to the 
composition. This canonical relation (with boundary) is parameterized by 

(M,0 e l-T,T] x T*M (G t (s,0,G t (s,r H 0)- 

The symbol of U(—i) o r )* H Op{a) r )H ° C^(^) as Fourier integral kernel in Z>'(R x M x M) is 
computed in Lemma HU 

The difference to the diagonal calculation lies with the push forward of the symbol and 
canonical relation to (J. graph7£j C T*M x T*M. The 'fiber' over (sc, £, lZj(x, £)) is the 
discrete set 

{(t,s,<7,£n) e [— T, T] x T* H M : G<(s,<7,£ n ) = (x, 0, a, = ft;(*,0}- 

The second condition only holds when i = tj(x,£) and then follows from the first. Hence, 
the symbol is given in graph coordinates (t = tj(x,£), (s,a,y n ,r] n ) = &j(x,£)) as the scalar 
factor 

^^^O^E^-^^^^H^OW^) (6-8) 

j 

times the half-density | dx A d£| 2 . 

This completes the proof of Proposition □ 

7. Local Weyl law for homogeneous Fourier integral operators 

In this section, we collect together the instances of the local Weyl laws we need in the 
proof of Theorem [TJ We only state the first one, since a proof can be found in [Z]. 

Proposition 27. Let C F C T*M — Ox T*M — be a local canonical graph and F G 
I°(M x M-C F ). Then, 



L- 



Here, S{Cf H As*m x s*m) is the set of unit vectors in the diagonal part of Cp. The proof 
is similar to that of the next Proposition, which we use to determine the limit state uj(a). 
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Proposition 28. We have, 

1 2 f 

&AT(A) E ^W' 7 ^ = vol{S*M) L H a °^ H \dsAd*\, 

j :\j<\ 

where \ds A dcr| zs symplectic volume measure on B*H , and a is the principal symbol of 
Op H (a). 

Remark: When a = V is a multiplication operator, then this follows from the pointwise 
Weyl asymptotic, 

E l^l^l + OCA" 1 ). 
The pointwise asymptotics imply that the L 2 -norm squares of jH<fij are bounded on average, 

jyTTT E H7^lli» W = Vor-\H) + 0{\- 1 ). (7.1) 

In fact, by [HoI-IV] Proposition 29.1.2, for any pseudo-differential operator B of order zero 
on M, the Schwartz kernel Ks(t,x) of U(t)B or BU(t) on the diagonal Ajw- x m is conormal 
with respect to R x A MxM and if 

dA(X,x) 

— — — = T t ->\K B {t, x) 
the A(\, x) is a symbol of order n with 

A(X,x) = V ipjtyAipjtx) ~ (27r)-" / a Q d£ + 0(A n ~ x ) (7.2) 

j:\j<\ ' ^ 

in the case where A = A*. There is an analogous statement for AU(t)B. Integrating f)7.2p 
over if gives 

^ {'y H A(f j (x),'y H B(f j ) L 2 iH) ~ C n A n / a b dsd£,. (7.3) 

i:Aj<A J B* H M 

Proof. We first prove the local Weyl law for (7^-Op^(a)7^)> e (10.181) on M, that is, we prove 

) im luTTT E ((lH°PH(ah H )>eVj, <Pj) = g » ^ / a (l-Xe)7^l rfs A ( 7 - 4 ) 
a^oo 7V(A) j .^ A uoi(,b*MJ 7^*^ 

As in the proof of Lemma I2TI U(t)( r y^ I OpH(a) r yH)>e is a Fourier integral operator of order 
| associated to the (clean) composition of the canonical relation T of U(t) and Cjj. The 
trace is the further composition with 7r*A* as in |DG] . where A:lxM->RxMxM 
is the embedding (t, x) — > (t, x, x) and tt : R x M — > R is the natural projection. Then 
7r*A*{7(i)o(7^0pij(a)7i2-)> £ has singularities at times t so that G t (x, £) = (x, £) with (x,£) G 
S* H M. By the standard Fourier Tauberian theorem (see |HoI-IVj . vol. Ill) the growth rate 
of the sums above are determined by the singularity at t = of the trace, where of course 
all of S* H M is fixed. Hence the fixed point set is a codimension one submanifold of S*M. If 
n = dimM, ir*A*U(t) o (~{* H Op H (a)"{ H )> e G Ji +B - 1 -i(IJl). Note that, due to the drop of 
one in codimension, the singularity of the trace loses a degree of ~, but due to the extra | in 
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the order of (7#Op#(a)7#)> £ (compared to a pseudo-differential operator), it gains it back 
again. Hence the order of the singularity is the same as for pseudo-differential operators, 
and so the spectral asymptotics have the same order in A. The principal symbol of the trace 
is determined by the symbol composition and Lemma [TBI . Except for the factor of 7^a, the 
half-density symbol is the canonical Liouville volume form on S* H M. Since 7^a is a pullback 
from B*H, we can project the measure to B*H and then we obtain the stated formula. 
It remains to show that 

ImiA^oo ^ Y.y.\ J <\( PH{a)lHVjilH¥j) = (G3D + o(l), as e 0, , 
and in view of (10. 20 p . it is enough to prove 

hniA^oo Tv(A) J2 j :\ J <x(X2el*H°PH{ahHXe'Pj, fj) = o(l), aS € -> 0. 

By (10.17p . there are three types of terms: one with the tangential cutoff in both cutoff 
positions, one with the normal cutoff in both positions and two mixed ones with one tan- 
gential and one normal cutoff. Successive applications of the inequality ab < |(a 2 + b 2 ), 
Cauchy-Schwarz and L 2 -boundedness of Op#(a) implies that 

nXX) T,\ s <x((iH°PH(ahH)< e <Pj, <Pj) 



. (7 * / II (tan) no 1 11 (tan) \\o 1 (n) no ,11 in) 112 

< ]v7X) Ea,<A {WlHXe 'mh(M) + WlHX* VjWlHM) + WlHXe 'fj\\h {M ) + \\lHX2e Vj\\h{M) , 

(7-5) 

Finally, one applies the pointwise local Weyl law (I7.3P on M to estimate the right side in 
( 173]) . It follows that 

t^tt £ hnX^^H) = 0(e), (7.6) 
and the same is true for the other cutoff operators Xele- 

□ 

We further prove a local Weyl law for Pr, e . It is a special case of the general local Weyl 
law for pseudo-differential operators, but we include as a check on the formula for u(a). 
In the following we put V = hl(S*M). 

Lemma 29. For any T,e > we have, 

limA-- Nlxj T^-.x^PtM^v Vi) = V fs*M (t E i6 z((l - Xe)7- 1 ^)(<f J $/(x, 0)X(^: 

= V Ib'hH 1 ~ Xe)lB*H a o)(s, o-)dsda. 

Proof. By the local Weyl law, the limit equals y fs*M ap T e (a)dfiL- We then use Lemma 
to evaluate <Jp Te ( a ). 
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The fiber $ _1 (s,£) is the backwards orbit G~*(s,£) for the interval t G [0, T _1 (s, £)]. So 
we may re-write the integral as 

r 1 1 Nt - 

/ U£((i-x«)7-V)(*>(a,e)) 

J S^M Y j=1 

Now £)) = £ + rw(s,^) when t e [0, T _1 (s, £)] and so the inner integral equals 

y X( ^ (7.7) 

By the $-invariance of dfii,H we change variables in the jth term to (s', £') = ^'(s, £) (and 
then drop the primes) to get 

Is^mH 1 ~ Xe)7 _1 aH)((s,0)Xr(s,0^L,H ; 

where W M := E, * X ( ^^ )dt. 
We claim that Xr(s, £) = 1- Indeed, 

f r(-D(*-i( a ,o) v / tf^)(^M) u fT (»)(»- :, ('.0)+^- 1 >(»-^.,«) flw 

JO M T J U ~~ JTW)(*-i'(a,C)) AVt/"'" 

We observe that 

[T^(<ir^,£)),T0)^ 
since T^$-^(s, = T^s, 0, and T^(^(s, ^))+T^ 1 \^ (s, f )) = T^-^(s, 0- Hence, 

W(s,0 = ^ / xd)dt = ^ [ X {hdt = l. 

□ 

8. Quantum ergodic restriction: Proof of Proposition CD 

In this section, we prove the main result. It is the first section in which we assume G f is 
ergodic. To prove quantum ergodicity for the eigenfunction restrictions f\ 3 \H,j = 1, 2, ... we 
follow the outline in (10. 14ft . 

8.1. Proof of Proposition [TJ In outline the proof is as follows: 

JvJa)E^<A \((lHOpH(a)jH)>e)<Pj,<Pj)LZ(M) ~ ^((1 ~ Xe)a)\ 2 

= W(X) Y^x^xWtA ) -w((l-Xe)a)]v^A 3 ,^)| 2 

= jfa Ea,<a \([PrA") ~ "((1 " + F T , e (a)]^.,^.}| 2 + 0(A"») (8.1) 
< Arfxj £a,<a K(*M<0 - w((l - X»V Aj , ^ Aj )| 2 
+ VTX) Ea,<a |(FT,e(aV Aj ,^.>| 2 + O(A-) 
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In §8.21 Corollary [321 we show that the Pt, 6 term tends to zero and in §8.31 Proposition [ 
we show that the Ft, £ term tends to zero. The fact that oj((1 — Xe) a ) is the correct constant 
follows from Lemma I 



8.2. Contribution of ^ Y.x 3 <\ I (( p T,e( a ) ~ ^(i 1 ~ Xe)a))(f Xj to the variance. It 
follows from the standard quantum ergodicity theorem |Sch| ICVl IZ3j and Lemma [29] that 
this term tends to zero. We briefly go over the proof using the additional time average in r 
(see the last line of ( 10.151) ). By the above decomposition, 

V t ,rM = p t,rM+ f t,rM)i where (8-2) 

Pt,r,e = 25 f- R U{r)*P T>£ U(r)dr, 

(8.3) 

Ft,rM = Jr J R R U(ryF T , e (a)U(r)dr. 
With the same notation as in Lemma [HJ we denote the principal symbol of PT,R,e{< 1 ) by 

a T,R,e- 

Proposition 30. Let a>T,R,e be the principal symbol of Pt,r,e{o)- Assume that G f is ergodic. 
Then for any T > and any e > 0, there exists Rq so that for R> Rq, 



/ \ar,R,e{x,0 - w((l - Xe)a)\ 2 dfi L < e. 

JS*M 



Proof. We first claim: 



Lemma 31. With the same notation as in Lemma\2b\ the principal symbol ot,r,e of Pt,r,e{o) 
is given by 

a T ,R,e( x iO : = Ml R R (r PT, c ( Gr ( x ^))dr 

= T h /-«((! - Xe)l- l a H ){^W{x, £)) • X { b ^P Q1 )dr 



T E i6 z((l " Xth-^HK&M*, 0) ' (jR I R r Xi h ^ 1 )dr) . 



The proof of the first formula is immediate from the standard Egorov theorem combined 
with Lemma |26j In the second line, we rewrote the formula as follows: ot,r,e is the principal 
symbol of 

^ / / x(^)V e (t + r;a)dtdr = ^- j f x ( t --^)V e {t ] a)dtdr. 
By the same symbol calculation as for Vr j£ (a), 



[ x (t-±)V e {t- t a)dt = V((l - xeh-^HK&M*, 0)x( l 



T 



hence 



ar Ae (x ) O = iX)(( 1 -x07-V)(^/(a;,O)(^ / x{ 

\ J —R 



R Mx,0-r 



)dr . 
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Granted the Lemma, it follows by the mean ergodic theorem that 



lim / a T , R>e (x,{,) U c*%s\ I a P T ,. d VL 

*-*>°Js»m vol{S*M) Js* M 



2 

dfiL = 0. 



R^oo 

From the formula above, 

11^,^1100 = 0^(1) (8-4) 
uniformly for R > 0. From (18. 4p and dominated convergence, we may take the limit lim^oo 
under the integral sign. Hence, to complete the proof of the Proposition, it suffices to show 
that 

- x>) = m^m) L M ap ^ L - 

But the last identity is proved in Lemma [291 

□ 

By the standard quantum ergodicity argument (cited above), we then have: 
Corollary 32. We have, 

MAT E K( P ?>(a) -Xe)a)) VXj ,cp x .}\ 2 = 0. 

Remark: 

The purpose of the second time average in r is just to ensure that the maps 

a -> ar >e (x,0 = ^ X^ -1 ^)^'^*. 0) X^'H^x, fl) (8.5) 

defined in (I8.5P are time averages in the sense that lx, t = 1 for all T. In fact, one could prove 
this by applying the decomposition of Proposition [2] to the identity operator and restricting 
to (x, £) away from intersections of the diagonal canonical relation from that of Fj< e . But 
since it follows so quickly and easily from the second time averaging, we presented the proof 
in this way. 

8.3. Analysis of i 7 V i<E (a)*i 7 V ie (a). It remains to show that the limit of the second term, 

2 - 

lim sup—— V \ (F T)€ (a)^ Xj ,^ Xj )\ 2 

a^oo ^n A ) A .< A 

in (18.11) tends to zero as T — > oo. We do not need to average in r for this term. 
By the Schwartz inequality 

so it suffices to prove 
Proposition 33. 

limsup— \— V(F^(a)F Tie (a)^ Aj .,^ Aj .) = o(l), (T ->■ oo). 
Proof. The main step is to prove the 



QUANTUM ERGODIC RESTRICTION THEOREMS, II: MANIFOLDS WITHOUT BOUNDARY 41 

Lemma 34. Under the measure zero microlocal reflection symmetry condition in Definition 

m 

limsup^^ EA^A^efal^fa)^. <P^) 

(8.6) 

= ^EJ 5 .M|(7- 1 (l-Xe)aH(G" J ( ^)(x,u;)) X (T-%.(a;,u;))| 2 ^ L . 

Proof. From Proposition [2] F T , e (a) = YlJ=i ^fe( fl ) where for each j, F^\(a) G J°(M x 
Af; r^J, with r^ } e = graph 7^-. We then write 

^T, e (a)*F Tie (a) = J T)e (a) + J/ T)e (a) 
where we break up the sum into diagonal, resp. off-diagonal parts, 

(8-7) 

HT,e( a ) = Y,jjLk^\<N Ttt ,\k\<NT,e F T,e( a )* F T,M)- 

From the symbol computations in Proposition [2] (see (I6.8P ) and the fact that WF'(F^ e (a)) = 
Tj? e , a canonical graph, it follows that 

4%r4%) e o P (s° d (T*M)i 

with 

( T(Fg(a)*F^(a))(x,0= £ I ~ Xe)(&*(x, flM^ifo 0) | 2 (8-8) 

By the local Weyl law, 

limA^oo ^(JtM^^Xs) = je^jfs*M I W 1 ^ -Xe)(^ j Hx,^))x(T-Hj(x,^)) \ 2 dfi L . 

(8.9) 

This is the desired limit. 

To complete the proof of the Lemma we need to show that the limit of the off-diagonal 
sum 

&k;\j\<N T>e ,\k\<N T>e V ^ ' ' 

is zero. To prove this, we recall that 



WF'(F^l(a)) = graph(ft 



■3)1 



hence the fixed point set in the local Weyl law integral (I0.34p is the set {IZj = TZk} and that 
a(F^ e (aYF^(a))(x,C) = £ (I - X e)T l a H (G^\x^)) X (T-%(x^)) 

(8.10) 

• (1 - Xeh-'aniG^ix, 0)x(T-%(x, £))• 
It follows from the local Weyl law for Fourier integral operators (I0.34p that, 
^ x ^ XJ ^TrU m F^(a)*Fi%) = ± h^n^S^iX ~ Xe)a H )(G t ^(x,u)) X (T- 1 t J (x,u)) 

{T\l-Xe)a H ){G t ^\x,uj))x{T-H k {x,uj))dv L . 

(8.11) 
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We now show that the domain of integration is empty when j ^ k when condition (CQ) is 
satisfied, hence that this term is zero. 

As discussed in the introduction (see (EST])), for (x, G n V { f\ n S*M, the condition 
TZj(x,^) = 7Zk(x,£,) on a set of positive measure is equivalent to the condition in Definition 

m 

□ 

We now complete the proof of the Proposition: The right side of Lemma 18.61 differs from 
that of Proposition [30] in three ways. First, and most importantly, it is normalized by ^ 
rather than i. Second, it is a sum ^ . of squares and not the square of the sum; and third, 
we do not subtract a; (a). Due to the last two properties, the limit estimate is not due to 
ergodicity. 

Rather, we estimate the right side of ( 18. 9ft by 

< ^ll a ^T -1 (l-X e )llco^ ^X)x(r~%-(a:,0)j ^ < ^11 ~ Xe)\\c°, 

where aside from bounding the an factor we also use that x 2 <x since < % < 1. Here we 
used that, as in Lemma |29| the evaluation 

\ S , M (^E^^O)) d» L = ±J2 j s , M (C 1)M x( ti{G ^h ^ dfi LtH = i 

Hence the term I satisfies the limit estimate of Proposition [331 completing its proof. 

□ 

This completes the proof of Proposition [IJ 

9. Proof of Theorem CD 
9.1. Completion of proof of Theorem [H 

9.1.1. Decomposition of matrix elements. First, we prove the asymptotic decomposition for- 
mula in (10.201) for matrix elements. We have the operator decomposition 

lHOp H {a) lH = {l* H Op H {a)l H ))>e + (i* H Op H (a) lH ))< e + K e , (9.1) 

where 

K e ■= Xe/2lHOp H (ah H (l ~ Xe) + (1 ~ X2e)l*HOp H {.a)~t H Xe- (9.2) 

By wave front calculus, we can further decompose K e = K' e + K" where, WF'(K' e ) C 
I 'M - x T*M - and WF(K'J) C T * M x N*H U N*H x Q T * M . To estimate the matrix 
elements {K"{pj,<pj) we let xo £ C£°(T*M) and note that for any N > 0, the operator 
Xo(~A + 1)^ G *°(M). L 2 -boundedness of Xo(-A + 1)* implies that ||xo^||! = 0(\J°°) 
and by replacing xo with A m Xo G ty~°°(M) for any m > 0, it follows by an application 
of the Garding inequality that Hxo^'Hc^M) = Cfc(^7°°) for any k G Z + . Consequently, by 
L 2 -boundedness of Op H (a) G ^°(H), 

\{Op H (a)-i H Xo^j,lH^j)L^{H) \ < C\\lHXo¥j\\L2(H)hH¥j\\L2{H) = 0(Xj°°). 
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Here, one can use the universal restriction bound ||7</?j||L 2 (/T) = ©(A^ 4 ) |BGT] to bound 
the ||7ff<pj||£2(jf)-term on the right side of the Schwarz inequality, but any crude polynomial 
bound in Aj will suffice. The argument for Xo{i*hOph{o)1h) is very similar and also gives 
the 0(Xj°°) bound for matrix elements. As a result, 

(KZ<p j ,<p j )=O e (\J~). (9.3) 
To estimate the matrix elements (K' e (pj,(pj), we note that by time-averaging, 

(9.4) 

+ (i (SoU{-t)(l - X 2e)l* H OpH{a)lHXeU{t)dt) ^,^) , 

and by general wave front calculus ( |HoI-IV] Theorem 8.2.14), 
WF> ^U{-t) X e/2l* H Op H {a) lH {l - Xe)U(t)dt) 

C {{x, f ; x', £') G T*M - x T*M - 0; 3i G (-T, T), exp x . tf = ex Pl , i(' = sG H, 

G*(x,0|T^ = G"(x',e / )|T^,G*(x,Oesupp(xe/ 2 ), G"(x',e')esupp(l- Xe ), \t\ = \t'\] = 0- 

(9.5) 

We note that the wave front in (19.51) is empty since in addition to the requirement that 
G t (x,€)\T.H = G\x' ',£)\t s h, there is the condition that |G*(x,£)| = \G t (x , ,€ r )\ wmcn is 
imposed by the integration over t G (0,T). Since supp (Xe/2)^ supp (1 — Xe) = and 
r* H Xt — Xei this is impossible. Similarily, the second time-averaged operator on the RHS of 
(19. 4p also has empty wave front. Thus, 

=0(\J°°) (9.6) 

and in view of (19.31) . this proves the decomposition formula in (10. 20 p . 

To complete the proof of Theorem [T] we note that by (10.201) and Cauchy-Schwarz, 

limsupj^ j^xj J2x J <x\(°PH(a)j H ^j,lHVj) ~ w(a)| 

^limsup^, {j^^ x .< x \{{7H°PH{a)7)>e(Pj,¥>j)M ~ w((l - Xe)a)\ 2 ) (9.7) 
+ lirasup x ^j^J2x J <x\(^H°PH(a)-f H )< tVj , Vj ) M \ + |w((l - x» - u(a)\. 

By Proposition [IJ the first term on the RHS of the inequality (19.71) vanishes. The second 
term is just 

limSUp^^ Ea,-<A \(OpH(a)jHXe<Pj,lHX2e<Pj)H\ 

(9.8) 

< CHmSUp^oo jfa Ea,<A WlHX^jWhHH) \\lHX2eVj\W{H), 
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which follows from the L 2 -boundedness of Op#(a). We use the ab < |(a 2 + b 2 ) inequality to 
get that the last line in (19. 81) is bounded by 

C 1 . / \ 

~2 U ^ SUP WX) { hBXe<Pj\\h(H) + WlHXae(Pj\\h(H) ) = °( e )i ( 9 - 9 ) 

Aj<A 

where the last estimate follows immediately from the local Weyl law in ( 17. 3p . Since e > is 
arbitrary, we finally take the e — > + limit in (19. 7p and that completes the proof of Theorem 

m 

10. Curves in H 2 /T with zero measure of microlocal symmetry 
We now illustrate Theorem [1] in some important examples. 

10.1. Geodesic circles of hyperbolic surfaces : Proof of Corollary [JJ We first con- 
sider the case where H = C r is an embedded geodesic circle of a small radius r in a hyperbolic 
surface H 2 /r where H 2 is the hyperbolic plane and V C PSL(2, M) is a co-compact Fuchsian 
group. A geodesic circle is a separating curve, so there are two global sides of H correspond- 
ing to the interior an exterior. Corollary [1] follows from the following 

Lemma 35. For any finite area hyperbolic surface, no distance circle can have positive 
measure of microlocal symmetry. 

Proof. We uniformize and consider the T-orbit TC r of the distance circle. It is a union of 
disjoint geodesic circles of H 2 . If C r has a positive measure of microlocal reflection symmetry, 
then there exist two components, a + H,a-H with a± G T, and an open set U* C B*C r , so 
that geodesies a) defined by (s, a) G U hit the components a±H at the same time and 
at points which are equivalent modulo T. Since the return maps are real analytic on their 
open sets of definition, the left and right return maps must coincide for all (s, a) so that 
exp s £±(x, a) hits a±H. That is, exp s t£+(s, a) hits a+H at the same time that exp s a) 
hits a^H and the points are equivalent under the action of T. 

Let U denote the set of footpoints of U*. With no loss of generality, we position the closest 
point of U to o~ + C r at the origin i G H 2 . We also rotate the configuration so that TjC r is the 
vertical axis, so that the minimizing geodesic from i to a + C r has horizontal initial tangent 
vector. We denote the distance between C T and a + C r by d. By the assumption that the 
return maps agree, the geodesic ray in the reflected horizontal direction hits cr_C r at time d. 

We now claim that a + C r = to^C r where e is the Euclidean reflection through the tangent 
line T_H. 

To see this, we consider the two extreme geodesic rays emanating from tangent vectors at 
the center i that hit a + C r tangentially. Their reflections through TjC r must be rays that hit 
(T_C r tangentially, since the domains of the left/right return maps coincide and so the the 
reflection of extreme rays (on the boundary of the domains of analyticity) must be invariant 
under reflection. Also, the distances to the tangential intersections with a±C r are equal. 
Since a circle is determined by three points, a±C r are determined by the nearest points to 
C r and the points where the tangential rays based at i intersect it. Since this data is e 
invariant, we must have a + C r = eo-C r . 

We use the same analysis to prove that it is impossible for a circle C T to have a positive 
measure of reflection symmetry. In fact, this is quite easy to see because the configuration 



QUANTUM ERGODIC RESTRICTION THEOREMS, II: MANIFOLDS WITHOUT BOUNDARY 45 



cannot be e-symmetric due to the fact that C r lies on the left side of the symmetry axis. 
Here is a more formal proof. 

For each s G C r , there is a maximal interval 1+ C S"*H 2 of unit tangent vectors pointing 
to the exterior of C r whose geodesies hit cr + C r . There is also a maximal domain If of inward 
pointing unit vectors whose geodesies hit er_C r . If the ± return maps coincide, one must 
have rc r If = If for all s G U. The boundary of the domain of analyticity for the ± return 
map consists of the exterior directions whose geodesic rays hit o~±C r tangentially. It is clear 
that If shrinks to a point when the tangent line to C r at s hits a±C r tangentially. There are 
two such points s+ for u + C r , and U — [sf, sj] is the arc of C r with boundary points sf which 
contains the origin. If the ± return maps were the same, this would have to be the same 
as the corresponding interval [sjf, sj] C C r . In particular, the geodesic tangent to C r at 
would have to be simultaneously tangent to o~±C r and to hit them at the same distance. In 
fact the pair of circles has only two common tangent circles/lines. We ignore the point that 
they need not be geodesies of H 2 , i.e. need not hit the boundary orthogonally. Since the 
configuration of two circles o~± is invariant under e, the common tangent must be e- invariant. 
Define the midpoint of the common tangent to be the point where the distance along the 
tangent is the same to cr_C r and <j + C r . Then the midpoint must be e-invariant. But also the 
distance must be the same on the tangent from its intersection with C r . Hence, the midpoint 
is the intersection point of the common tangent to a_C r , C r , <r + . But this midpoint cannot 
be e-invariant since C r lies on one side of the fixed line of e, and the intersection of the 
common to tangent with H occurs at a point in the left half-plane with respect to TjC r . 

This contradiction shows that the ± return maps for C r cannot coincide for any pair of 
components o~±C r , hence that C r satisfies the condition of Definition [TJ 

□ 

The same proof generalizes to distance spheres of hyperbolic quotients of any dimension. 
It generalizes also to certain negatively curved manifolds, for which there exists an isometric 
involution fixing the tangent plane of a distance sphere at some point. 

10.2. Closed geodesies in hyperbolic surfaces: 

Proposition 36. Suppose that 7 is a closed geodesic of H 2 /T with a positive measure of 
microlocal symmetry. Then there exists an orientation reversing involution e 0/H 2 preserving 
the axis 0/7, and a three generator subgroup (7,cr + ,o~_) such that cr_ = ea + e. 

Proof. In the universal cover, we pick one component of the orbit TAxis (7) of the axis of 
the geodesic. With no loss of generality we may assume it is the vertical geodesic iM. + . We 
orient the geodesic so that it moves towards 00, and we choose its left and right sides as the 
=F sides. 

Let e : H — > H be the orientation-reversing isometric involution e(x,y) = (—x,y), i.e. 
ez = —z. 

Lemma 37. If the left return map corresponding to o_H coincides at a common time on 
a set of positive measure of B*H with the right return map corresponding to cr + H, then 
e(j_e = a + . 

We now consider what happens if (10. lip or equivalently ( 10 . 3 Tj) holds on a set of positive 
measure of B*iM. + . Since the maps are real analytic, this implies that = 7\- where the 
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return indices are determined by the condition that the return times are the same. The return 
maps are given by da± o a'p (Tj(£+)) where cr^ 1 are the elements of T taking Axis(7) = iR + 
to the components hit by a^ ± , and Tj(£ + ) is the common times when a^ ± hit the respective 
components. 

Clearly ea^ ± = a^. Hence if Vj t + = 7\_ where j, k are related as above, then ea_Axis(7)) = 
cr + Axis(7). But then a^eo+ l is an isometry of H which fixes Axis(7) pointwise. The only 
such possible isometries are the identity and e and by considering orientations it is clear that 
a_ecj+ l = e. 

We now consider any component <rAxis(7) with a ^ T 7 . Given one of its points we 
find the closest point of Axis(7). The minimizing geodesic then intersects Axis(7) and 
oAxis(7) orthogonally and on Axis(7) projects to the zero covector. Then by assumption, e 
of this minimizing geodesic is the minimizing geodesic from this point to another component 
rAxis(7). But then eae = r. 

□ 

Note that the quotient of H 2 by the two-generator subgroup (7, a + ) is an infinite area pair 
of pants with three simple closed geodesies corresponding to the axis Axis(7) of 7 and its 
translates by cr+, 70"+. The quotient by (7, a J) is a second pair of pants. If we truncate each 
pair of pants at the simple closed geodesic 7 and glue them together, we obtain the quotient 
by the three element subgroup. Thus, there exists a locally isometric Z2-infinite sheeted 
cover 7r : H 2 / (7, o~ + , er_) — > H 2 /T. To our knowledge, such a cover may exist without H 2 /T 
possessing a Z 2 symmetry. 

However, a generic compact hyperbolic surface does not have a triple of elements 7, a + , a_ 
with the property above. Indeed, it suffices to show that for any closed geodesic 7, and 
any pair of elements a± satisfying the relation above, there exist infinitesimal deformations 
which destroy the relation. Such a deformation is given by twisting along 7, in twist-length 
coordinates on moduli space. 

10.3. Closed horocycles for T = SL(2, Z). Now we consider the case where H is a closed 
horocycle H of the modular curve H/SX(2,Z). Numerical studies of the quantum ergodic 
property of restrictions of eigenfunctions to horocycles are given in [HRJ. 

For simplicity we assume H is an embedded horocyle in the parabolic end. It is a separating 
curve, and if we orient the end 'upwards' the two sides of H may be visualized as upward 
pointing and downward pointing. 

Except for the upward vectors orthogonal to H, all upward vectors define geodesies which 
return to H after a sojourn in the end. The orthogonal geodesies to H run out to infinity 
and never return. In the standard tesselation of H by fundamental domains of SL(2, Z), 
the horocycle is a horizontal line y = C and the upward geodesies correspond to half-circles 
orthogonal to M which intersect the horizontal line in two points. 

Proposition 38. Suppose that H is a closed horocycle of H 2 /SL(2, Z). Then H has a 
zero measure of microlocal symmetry. Consequently, restrictions of eigenfunctions to H are 
quantum ergodic. 

Proof. We argue by contradiction again. If H had a positive measure of microlocal symmetry, 
there would have to exist horocycles a+H, a_H such that the hitting times and return maps 
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from some open set of S^H 2 and its reflection through H were the same modulo the action 

ofr. 

Since H 2 is a symmetric space, there exists an inversion symmetry s p at each point p, i.e. 
an involutive isometry that fixes p and reverses all geodesies through p. In the case of i it is 
given by Si(z) = — -. If p G H and compose s p with the reflection symmetry e p with respect 
to the vertical geodesic through p, then e p o o p is an isometry of H 2 which reflects T P H 2 
through T P H; at i, it is w(z) = -. 

As above, we can reconstruct cr^H from H, a+H using only the geodesies from one point 
of H, which we take to be i again with no loss of generality (so that H is y = 1). Since 
£j o <jj takes the upward 'interval' of geodesies which hit a + H to the 'downward interval' 
that hits a_H and since the hitting times and positions are the same, we must have (e, o 
0i)(7 + (ej o (Tj) _1 = er_. But the same argument applies to any point p G H for which there 
exists an interval of geodesies hitting a+H. Then we get (e p o a p )a+(e p o (T p ) _1 = er_. But 
this implies (e p o a p )a+(e p o a p )~ l = (e q o a q )a+(e q o cr g ) _1 for all (p, q) in some interval on 
H. If 7 P)( j = (e p o a p )~ 1 {e q o cr g ) then we would have g p , q a+ = a + g PyQ) which implies that 
g PA G G a+ , the centralizer of <t+ in G = PSL(2,M). This is a group of hyperbolic elements 
which is conjugate to the real diagonal matrices, and in particular must fix the endpoints 

(1 x\ 

of the axis of a + . Concretely, if N — {n x — I I } is the unipotent subgroup, and if 

v° v 

p = n x i, q = n u i then g pq = n x wn u _ x w l n u . It is easy to see that the elements n x wn u _ x w 1 n u 
cannot all fix the same two points of R = dH 2 . Indeed, if t were such a fixed point then 
n x wn u - x w~ x n u t = 1 _( M "^ M+t - ) + x would equal t for all x, u. This is absurd since as x — > u 
it becomes 2x + t. 

This contradiction concludes the proof. 

□ 



11. Proof of Theorem [2] 

In this appendix, we convert the proof of Theorem [1] into the semi-classical version The- 
orem [21 The proof parallels the one in homogeneous case but with two (minor) differences: 
1) In the semiclassical case, we will need to cut-off the Fourier integral operators appearing 
in Proposition [2] in order to apply the compactly-supporrted semiclassical Fourier integral 
operator calculus in |GuSt2j . A key issue is mass concentration for eigenf unctions and their 
restrictions to H. For completeness, we review the relevant results here (see [Zwj for more 
detail). 2) The second difference deals with the role of the N*H. In the homogeneous case, 
one must remove a conic neighbourhood of N*H (see (15. 2p ) to ensure that x{ x n)a>{s, o") is a 
polyhomogeoneous symbol on T*M. In the semiclassical case, because of mass localization 
(see Lemma (|39l) ). for the proof of Theorem (iTTj) it suffices to consider matrix elements 
{Op hj (a)ip hj ,ip hj ) where a G C£°(T*H). Under the tangential projection n H : T^M -» T*H, 
ith(N*H) = (0)t*h and the zero section Ot*h = {(s, a = 0); s G H)} is of no special interest 
in the semiclassical case. 
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11.1. Semiclassical symbols. A natural class of semiclassical symbols |Zw] is given by 

oo 

S m ' k (T*M x [0,h )) := {a G C°°; a(x, £, h) ~^ 0+ ^ a k .,(x, 0^ m+J , a k ^ G S^CTM)}. 

i=o 

(11-1) 

Here, we recall that S™ is the standard Hormander class consisting of smooth functions 
a(x,£) satisfying the estimates \d"d^a(x, £)| < C Qj) g(^) m_ ' /3 ' for all multi-indices a,/3 G iV n . 
We say that G Oph(S m,k ) provided its Schwartz kernel is locally of the form 

A(h)(x,y) = (2nh)- n [ e^ x ^l h a{x^h) (11.2) 

with a G 5' m ' fc and alternatively, we sometimes write Oph{a) or a(x,hD x ) for the operator 
in (fm|l . 

Let fXj'jj = 1,2,... be L 2 orthonormal basis of Laplace eigenf unctions on (M,g) and 
H C M a hypersurface. From now on, we assume that h G {Aj 1 };^ = 1,2,..., write 
/ij = Xj 1 and denote the corresponding eigenf unction by (p^. Given < e < 1 an arbitrary 
small number, let 

X (x,0 G C™(T*M), xU M = 1, suppx C A(2e ), (11.3) 

with A(eo) := {(x, £); (1 — e ) < < (1 + e). Let x G Cg° be another cutoff equal to one 
on v4(2e ) and with supp x C A(4e ). Consider the eigenfunction equation 

Since := —h 2 A g — 1 is h elliptic for (x, £) G T*M — A(e), one can construct an h- 

mircolocal parametrix Q(h) G OphiS^l) so that 

(1 - x(h))Q(h)P(h)(l - X (h))<p h = (1 - + 0{h°°). 

Since P{h)ip h = and c([P(/i), (1 — x(/i))](x, £) = for (x,£) Gsupp (1 — one S e ^ s 

the well-known energy surface concentration estimate 

\\(l-x{h))<Ph\\v = 0{h° ). (11.4) 

Since e > can be chosen arbitrarily small, it follows from (111.41) that WFh(<Ph) C S*M. 
A similar argument with the derivatives d%iph{x) combined with Sobolev lemma implies 

\\0.-m)<Ph\\a* = O k (h°°). (11.5) 

In analogy with (111.4j) . for the eigenfunction restrictions one has the following energy 
surface mass localization result: 

Lemma 39. Let H C M be a hypersurface and Uh := (Ph\h — jHfh- Then, 

WF h (u h ) C B*H. 

Proof. Let (s,x n ) G IR n_1 x (— e ,e ) be Fermi coordinates in an e collar neighbourhood of 
H with H = {x n = 0}. In these coordinates, 

- h 2 A g = h 2 D 2 Xn - h 2 A H + 0(x n )\hD s \ 2 + 0(h 2 (\D s \ + \D Xn \)). (11.6) 
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Let ((s,x n ,a) G C^°(]R n ~ 1 x (-e ,e ) x M n_1 ) be equal to 1 when a e B(l + e ) and 
vanishing outside 5(1 + 2eo). Since [jh, Ah] = 0, 

(-h 2 A H - 1)(1 - ((s,x n = 0, hD s ))u h = lH [h 2 D 2 Xn + 0(x n )\hD s \ 2 

+0(h 2 (\D s \ + \D Xn \)) ] (1 - ({s, x n , hD s ))tp h + lH {-h 2 A g - 1)(1 - C(s, x n , hD s )) Vh . 

(11-7) 

Since |cr| 2 > 1 + e on supp (1 — £), obviously £ 2 + \a\ 2 > 1 + 2e also holds on supp (1 — Q. 
But then, by ( TTT31) it follows that both terms on the RHS of (TTTT1) are As for the 

LHS, it then follows that 

(-h 2 A H - 1) • (1 - C(s, x n = 0, hD s ))u h = 0(h°°). 

Then, since h 2 An — 1 is /i-elliptic on supp 1 — ((x n = 0, s, a), by the same kind of parametrix 
construction used to prove (111.4j) . it follows that 

|| (1 - CO, x n = 0, hD s ))u h \\ L 2 (H) = <D(h°°). 

□ 

11.1.1. QER for semiclassical symbols. 

Proof. The proof is very similar to the homogeneous case discussed in the rest of the paper 
and so we only point out here the relatively minor differences and how to deal with them. 
We use the notation ^h^k, = Vh^H- First, we note that by L 2 -boundedness and the L 2 - 
restriction bound [BGT] \\iH^hf L 2 {H) = 0(h~^), it follows that for a G S°>°(T*H x (0,/i ]), 

i 

(Op hj (a)-f H tp hj ,-f H p hj ) L 2 iH) = (Op hj (a )'yH(Ph i nH<Ph j )jP(H) + ®{hj)- (H-8) 

So without loss of generality we can assume that a = a^, since in view of flll.Sp . the lower- 
order terms a_j-; j > 1 in the symbol expansion (111.81) do not affect the leading-order asymp- 
totics of the matrix elements. The next step is to replace the symbol a in the matrix 
elements (Ophj (00)7/^/^, jH^hj) by a compactly-supported cutoff to the interior of B*H. In 
the following, we let B*H := {(s, a); \a\ < r}. Then, for a fixed small constant e > we let 
XH, in e C^{T*H) with supp X in C B{_ e H, X H,e e C^(T*H) with supp Xe C Bl +e H\Bl_ e H 
and choose Xn,out G C°°(T*H) supported outside B*H with the property that 

XH,in + XH,e + XH,out = 1 on T*H. 

Due to the large number of semiclassical pseudodifferential cutoffs appearing in the argument, 
we sometimes denote both a cutoff function xh G C^°(T*H) and the corresponding operator 
Ophjixn) both by xh- By Lemma EH 

(XH,outOp hj (aoh H 'Ph j ,lHfh j ) = 0{hf) (11.9) 
and so, the matrix elements 

{Oph^d^HVhplHVhj) = (XH,inOPh J (aohH<-Ph j ,lH l fih J )LZ(H) 

(11.10) 

+ {XH,eOp hj {ao)^ H ip h] ^ H ip hj ) L 2 {H) + O e (h°°). 
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In analogy with the homogeneous case, the main part of the proof of Theorem [TT] is the 
variance estimate 

limSU P^77M KXH^nOphiao^H^h^lHfhj) ~ u(xH,in a o)\ 2 = 0, (U-U) 

where N(h) := hj > h} ~h->o+ C n h~ n . The averaging argument proceeds as before, 
except that the constituent homogeneous Fourier integral operators are cut-off using the 
mass concentration estimates in (111.41) . Lemma [391 and the reduction (111. lip . The resulting 
cut-off operators are then compactly supported semiclassical Fourier operators in the sense 
of [GH3t2] . 

Let x £ C^°(T*M) be the cutoff in (111.31) . We define the semiclassically cut-off wave 
operators U(; h) : C°°{M) -> C°°{M x R) by 

[/(•, h) := X n(t, hD t ) [ X (x, hD x ) U(-) X (x, hD x )\. (11.12) 

where, x*(t, ?, h) := {2nh)- 1 j R e^'^xO - l)x(*/ T ) dr and in the latter X e Co°(R) is a 
cutoff as in (10.151) . Similarily, we define the cut-off restriction operators 7#(/i) : C°°(M) — » 
C°°(i7) by 

Th(^) := Xin(s, hD s ) 7^ x(^ 3 ^-Dx)- (11.13) 

It follows that 



nXV T, j -h j >h\{XvnOp hj {ao)lH^h v lHVh ] ) - uj(Xina )\ 2 



where, the semiclassical averaging operator 



(11.14) 



Vr.eK h):=- U(-t, h) lH (hy X inO Ph (a )<y H (h)U(t, h) X (~) dt. (11.15) 

Thus, it suffices to take limsup h _ 5>0 + of the RHS in fl 1 1 . 14[) . In analogy with Proposition |2]one 
shows that modulo residual error Vr, e ( a 0i h) is the sum of a semiclassical pseudodifferential 
operator in Oph(S ~°°(T*M x (0, ho])) and a compactly-supported zeroth-order semiclassical 
Fourier integral operator. 

Given a manifold-Lagrangian pair (X x Y, A) and an operator F(h) : C°°(X) — > C°°{Y) 
with WF' h (F{h)) C A, following [GuSt2] we say that F(h) G ^(X x Y, A) provided it has 
a Schwartz kernel locally of the form 

F(h)(x, y) = {2Trh) k -T-^ [ e iip ^ 9)/h a(x, y, 6, h) d6, 



with a G in all variables. In this case, we call F(h) : C°°(X) — > C°°{Y) a compactly- 
supported semiclassical Fourier integral operator (scFIO) of order k. We refer the reader to 
[GuSt2] Chapter 8 for a detailed discussion of composition formulas and symbol calculus for 
these operators. In particular, given two scFIO's Fi(h) G J^ ll (X 1 x X 2 ,Ax) and F 2 (h) G 
T Q m2 (X 2 x X 3 , A 2 ) with associated Lagrangians Ai C T*X 1 x T*X 2 and A 2 C T*X 2 x T*X 3 
that are transversally composible, one has 

F 1 (h) o F 2 (h) G JT 1+m2 (X 1 x X 3 , Ax o A 2 ). (11.16) 
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Following the argument in sectionEJ one shows that U (— ti, h)jH(h)*XinOph(ao)jH(h)U(t2, h) G 
J" 1/2 (M xRxMxl, (Po Ch ° T) x ) where, (T* oC H o Y) x = (T* o C H o Y) n (suppx x T*M x 
suppx x T*M) and 7r T „ A* G J" _1/2 ((1R x R x M x M) x (M x M), T x ) where T is the identity 
graph and T x = m(T*Rx T*Rx suppx x suppx x suppx x suppx)- We note that the transver- 
sality conditions for all of the scFIO compositions in (111.150 are verified exactly as before 
since the associated Lagrangians are just subsets of the corresponding conic Lagrangians 
in section Ej Sin ce V T , € {a ,h) = (ttt.A*) o U{-t x , h)j H (h)*XinOph(ao)7H(h)U(t 2 , h), it fol- 
lows from (111.160 that the h- micro local deomposition of Vr^i^o, h) then parallels the one in 
Proposition [2] with 

V T ,e(ao, h) = P T ,e(a , h) + F Tt6 (a , h) + R(a , h). 

Here, P T , e (a , h) G Op h (S°'-^(T*Mx (0, ho])), F T , £ G Jj(MxM, (r T>e ) x ) and \\R(a , h) \\ L ^ = 
0(h°°). The principal symbol formulas also parallel the homogeneous ones in (10.290 with 
a(Pr,e(ao,h))(x,£) = [xin a o)T,e(% , C) an d likewise for cr(FT, e (ao, h))(x, £). The rest of the 
proof of Theorem [2] folows as in Theorem HJ D 

12. Appendix 

In this appendix, we briefly review the basic facts of symbol composition that we will use 
in the calculations. We are working in the framework of homogeneous pseudo-differential 
operators on H. Thus, we assume a(s,a) G S^(T*H) is a zeroth order classical polyhomo- 
geneous symbol on H with a ~ Sjlo a i' a i e Si,o(T*H) and Oph(cl) is its quantization as 
a pseudo-differential operator on L 2 (H). We refer to [DSj IGSj and especially to volume IV 
of [HoI-IV] for background on Fourier integral operators. We use the notation I m (X x Y, C) 



for the class of Fourier integral operators of order m with wave front set along the canonical 
relation C, and WF'(F) to denote the canonical relation of a Fourier integral operator F. 

We recall that a Fourier integral operator A : C°°(X) — > C°°(Y) is an operator whose 
Schwartz kernel may be represented by an oscillatory integral 



K A (x,y)= [ e i ^^a{x,y,e)de 
Jrn 



where the phase p is homogeneous of degree one in 9. The critical set of the phase is given 
by 

C v = {(x,y,9) : d d ip = 0}. 

Under ideal conditions, the map 

Ltp-.C^-t T*(X,Y), t v (x,y,9) = (x,d x (p,y, -d y ip) 

is an embedding, or at least an immersion. In this case the phase is called non-degenerate. 
Less restrictive, although still an ideal situation, is where the phase is clean. This means that 
the map i v : C v — > A^, where A v is the image of l v , is locally a fibration with fibers of di- 
mension e. From |HoI-IVj Definition 21.2.5, the number of linearly independent differentials 
d^ at a point of C 9 is iV — e where e is the excess. 

We a recall that the order of F : L 2 (X) — > L 2 (Y) in the non-degenerate case is given 
in terms of a local oscillatory integral formula by m + y — f where n = dimX + dimY, 
where m is the order of the amplitude, and iV is the number of phase variables in the local 
Fourier integral representation (see [Hol-I V] . Proposition 25.1.5); in the general clean case 
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with excess e, the order goes up by | ( |HoI-IVj . Proposition 25.1.5'). Further, under clean 
composition of operators of orders mi, 777.2, the order of the composition is mi +1712 — § where e 
is the so-called excess (the fiber dimension of the composition); see |HoI-I V] . Theorem 25.2.2. 
The symbol cr{v) of a Lagrangian (Fourier integral) distributions is a section of the bundle 
1 <S> M.± of the bundle of half-densities (tensor the Maslov line bundle). In terms of 

a Fourier integral representation it is the square root ^dc v of the delta-function on C v 
defined by S(dg<f), transported to its image in T*M under i v . If (Ai, . . . , A n ) are any local 
coordinates on C v , extended as smooth functions in neighborhood, then 



\D{\ iV / e )/D{x,e)\' 

where dX is the Lebesgue density. 
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